Mathematical
Concepts

in Software Diagnostics
and Software Data Analysis

Three levels of explanation,
with terminology and practical value




REFERENCE GUIDE

Mathematical Concepts in
Software Diagnostics and

Software Data Analysis

Three levels of explanation, with terminology and practical value

Intuitive e Undergraduate ¢ Graduate

85 alphabetically arranged two-page concepts

plus appendices on classification, mathematical fundamentals, diagnostic lineage, and theoretical

connections

Concept and editorial direction: Dmitry Vostokov, DumpAnalysis.org
Drafting and revision assistance: GPT-6 Astra Max
Independent editorial review: Fable 5.1 Extra

Version 40 ¢ 19 September 2026

Software Diagnostics and Observability Institute concept catalog ¢ August 2026



MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Copyright © 2026 Dmitry Vostokov. All rights reserved.
Copyright © 2026 OpenTask. All rights reserved.
ISBN-13: 978-1-919135-03-8

Manuscript Version 40, September 2026.

No part of this work may be reproduced, stored, or transmitted in any form or by any means without prior written
permission from the copyright holder, except for brief quotations used in review, scholarship, or teaching as

permitted by law.

DumpAnalysis.org Page 2



MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

How to use this guide

Purpose. In this guide, we expand every entry in the Software Diagnostics and Observability Institute catalog into a
two-page learning unit. The first page gives explanations for three audiences and an illustration; the second page
explains the specialist terms, reads the formulas in words, and states why the advanced view is useful.

Three lenses. No math required uses a concrete software example and ordinary words. Undergraduate introduces
standard definitions and notation. Graduate adds formal structure, neighboring theories, and validity conditions.
Levels are cumulative views of one concept, not competing definitions. A Specialist entry flag identifies research-
level topics ordinarily met only in specialist courses.

lllustrations. Every concept has one three-panel figure: an intuitive panel built from concrete software evidence,
an undergraduate panel showing the standard mathematical construction, and a graduate panel showing a distinct
advanced structure. Equations are kept in the main text instead of being repeated inside the figures. The figures
are conceptual diagrams rather than proofs, scale drawings, or claims that software evidence literally has the
displayed mathematical structure.

Equations in the main text. Each undergraduate and graduate explanation is followed by a complete native Word
equation. The displayed relation, definition, invariant, or structural identity makes the notation used in the prose
explicit and remains selectable and editable. The companion page then identifies what each symbol is doing
without duplicating the displayed equation.

Companion page. Every second page develops the explanations on the preceding page. It bridges the
undergraduate and graduate views, defines advanced vocabulary and every named result with its assumptions,
interprets both formulas in ordinary language, identifies a concrete diagnostic benefit, and closes with the
boundary beyond which the analogy or theorem should not be used. Selected companion pages include source-
context notes: Diagnostic lineage identifies a verified Fifth Edition pattern precursor; Related theoretical framing
cites a substantive Fourth Edition treatment; and Classification rationale explains an editorial Appendix D
relationship when neither source supplies an entry-specific treatment. These notes highlight selected clarifications
and examples; Appendices D and E give the complete source record, including entries without an in-place note.

Catalog treatment. Each bullet on the source page is retained as one catalog entry, including combined entries
such as “Coalgebras, functors, 2-categories.” The body is arranged in alphabetical order; concept titles and their
diagnostic reference links are preserved.

Level What changes

No math required Concrete software example, ordinary-language definition, no prerequisite notation
Undergraduate Standard definition, elementary notation, practical analytic use

Graduate Formal setting, generalizations, validity conditions, and caveats

Companion page Terminology, formula reading, practical value, validity boundary, and source context

Source catalog: Mathematical Concepts in Software Diagnostics and Software Data Analysis?®

Source sequence. The 2023 Fifth Edition of Trace, Log, Text, Narrative, Data records the printed precursor list and pattern
lineage. The February 2024 Fourth Edition of Theoretical Software Diagnostics expands that list to 77 of this guide’s 85 concepts
and develops selected theoretical models. The later online catalog supplies the current 85-entry inventory. These sources
motivate diagnostic applications; they are not authorities for the mathematical definitions or theorems. Appendices D and E
record the lineage and theoretical connections.

Scope note: the diagnostic translations are explanatory models. Where a formal construction is claimed, its objects,
maps, topology, order, measure, or algebraic laws must be defined and verified in the application.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS

Contents

The entries below follow the same strict alphabetical order as the body. Each entry is an internal link to

the corresponding concept.

REFERENCE GUIDE

Alphabetical sequence — read across each row

1. 2-categories

2. Adjoints

3. Bethe ansatz

4. Braid groups

5. Braids

6. Cartesian product

7. Categories

8. Causal sets

9. Coalgebras, functors, 2-categories

10. Cones

11. Continuous and discontinuous functions

12. Cover

13. Critical points, Morse theory

14. Curves

15. Defect group of a block

16. Derivatives, partial derivatives

17. Dessin d’enfant

18. Dimension

19. Direct sums and products of sets

20. Divergence

21. Dual categories

22. Duality

23. Dynamical systems

24. Edge contraction

25. Equivalence relation

26. Feynman path integral

27. Fiber bundles

28. Fibrations

29. Fixed points

30. Flag, filtration

31. Foliation

32. Fourier series

33. Functor

34. Fuzzy sets

35. Galois connections

36. Graphs

37. Hasse diagrams

38. Homotopy

39. Injections, surjections, bijections

40. Intervals

41. Isomorphism

42. Jaccard index

43. Karnaugh map

44, Lattices

45. Manifolds

46. Maps

47. Minimal surface

48. Model theory

49. Moduli space

50. Monoids

51. Motives

52. Motivic integration

53. Nerve complex

54. Open and closed sets

55. Operads

56. Orbifolds

57. Order duality

58. Ordinals

59. Phase

60. Piecewise linear functions

61. Poincaré map, Poincaré section

62. Polynomials

63. Posets

64. Powerset

65. Presheaves

66. Projective spaces

67. Quotient groups

68. Quotient space

69. Residue

70. Retraction

71. Riemann surfaces, multivalued functions

72. Rough sets

73. Scalar field

74. Semigroups

75. Sheaves

76. Significant digits

77. Simplicial complex

78. Step functions

79. Structure sheaf

80. Surfaces

81. Tensors

82. Topology

83. Ultrametric spaces, p-adic numbers

84. Variadic functions

85. Whiskering

Full website addresses: Endnotes, p. 204. Index, p. 208.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

2-categories

Primary family: Category theory and higher structures e Secondary lenses: Algebra; compositional modeling ¢ Overview page 1 of 2

o diagnostic reference?

No mathematical knowledge required

Suppose we document a data conversion. We first record the systems involved, then show how data moves
between them, and finally compare two different ways of making that conversion. A 2-category is a framework
that keeps all three layers: things, connections between things, and comparisons between connections. It helps
diagnostics describe not only two competing explanations, but also how one explanation can be changed into the
other.

Undergraduate mathematics

A 2-category has objects, 1-morphisms between objects, and 2-morphisms between parallel 1-morphisms. For
example, services can be objects, trace-conversion pipelines can be 1-morphisms, and mappings between two such
pipelines can be 2-morphisms. Composition occurs both along a chain of pipelines and between transformations.
This is useful when diagnostic evidence is translated through several schemas while keeping the distinction
between translations that are not literally identical.

Formula: a: f = g

Graduate mathematics

Formally, a strict 2-category is enriched over Cat: each hom is a category, with vertical and horizontal composition
satisfying interchange. Bicategories weaken associativity and units to coherent isomorphisms, which is often the
more realistic diagnostic model. Trace formats, abstraction functors, and comparison transformations can
therefore be composed while retaining provenance and coherence data. This provides explicit structure for
transformations of transformations. However, using the metaphor does not by itself establish categorical laws.

Formula: (B3 0 B1) * (az 0 ay) = (B * @) © (By * ay)

r \ p
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Direct and two-step translations A transformation between routes Interchange of four 2-cells
direct translation first 1-morphism four compatible 2-cells
—_—
across first
then d
/-_\ v 5 |~ en down
JSON trace I agreement | incident view | 2-morphism o
\__/' compestte
© B a down first
B then across
OTLP view second 1-morphism
shared boundaries
two-step translation
alternative translations with an parallel 1-morphisms linked by a interchange: either composition
agreement 2-morphism order agrees
. 7 . v . J

Figure 1. Three explanatory views of 2-categories.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

2-categories — terminology and practical value

Concept 1 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Ordinary categories record things and transformations. A 2-category adds a controlled way to compare the
transformations themselves. At graduate level, we ask whether all these comparisons compose coherently, or only
up to specified isomorphisms as in a bicategory.

Key terms used above

1-morphism — An arrow between objects, such as a conversion pipeline from one trace schema to another.

2-morphism — An arrow between parallel 1-morphisms; it compares or transforms two pipelines having the same
source and target.

hom-category — For two fixed objects, the 1-morphisms between them are themselves objects of a category whose
arrows are 2-morphisms.

interchange law — The identity saying that vertical-then-horizontal and horizontal-then-vertical composition give the
same result whenever the cell boundaries match, making pasted transformations unambiguous.

coherence — The requirement that different legitimate arrangements of associators and unitors lead to the same
composite comparison.

Reading the formulas

Undergraduate formula. The symbol @ names a 2-morphism from the pipeline f to the parallel pipeline g. It
does not say f and g are equal; it records a structured comparison between them.

Graduate formula. The interchange identity says that two vertical composites followed by a horizontal
composite equal the corresponding horizontal composites followed by a vertical composite. Here o denotes
vertical composition and * denotes horizontal composition; all sources and targets must match.

Why the advanced view is useful

This separates a data conversion from evidence about that conversion. It is useful when several schema
translators, abstraction stages, or provenance-preserving rewrites must be changed and compared without

losing their distinctions in one opaque pipeline.

Diagnostic lineage. The Fifth Edition first treats a trace or log as a one-object category with semigroup or monoid structure,
then proposes a system as object, messages as 1-morphisms, and arrows between messages as 2-morphisms. This is a
suggested metaphor; a literal 2-category additionally needs typed sources and targets, identities, both compositions, and
interchange.

Related theoretical framing. The Fourth Edition develops this proposal in ‘Categorical Foundations of Software Diagnostics’ (pp. 271—
272) and ‘Traces and Logs as 2-categories’ (pp. 361-362). It is useful as theoretical framing, while the source itself presents the latter as
a metaphor rather than a verified strict 2-category.

Validity boundary

Before treating a diagram of boxes and arrows as a 2-category, we need to define and check sources, targets,
both compositions, identities, and coherence laws.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Adjoints

Primary family: Category theory and higher structures e Secondary lenses: Order theory; optimization e Overview page 1 of 2 e

diagnostic reference3

No mathematical knowledge required

Suppose we turn a detailed trace into a short summary and then expand that summary into the broadest detailed
story it could support. The two steps fit each other, but the second cannot restore details that were discarded.
Mathematicians call a well-matched pair of this kind adjoints. In diagnostics, the idea helps check that a summary
and its interpretation use compatible rules instead of making unrelated guesses.

Undergraduate mathematics

Functors F and G are adjoint, written F left-adjoint to G, when maps from F(X) to Y correspond naturally to maps
from X to G(Y). Free and forgetful constructions are standard examples. For diagnostics, F might abstract raw
events into activities, while G describes all raw-event structures compatible with an activity model. The
correspondence formalizes a best-fit relationship between abstraction and concretization rather than an exact
round trip.

Formula: F 4 G & Homg(FX,Y) = Home(X,GY) naturally in X, Y
Graduate mathematics

An adjunction F 4 G is a natural bijection Homy (FX,Y) = Homq(X, GY), equivalently a unit and counit satisfying
the triangle identities. In ordered settings this becomes a Galois connection. Diagnostic abstraction can be studied
through the induced monad GF, while reconstruction or observation may yield a comonad FG. This supports
principled closure, completion, and query semantics, provided the chosen categories and naturality conditions are
actually specified.

(eF) e (Fn) =1

Formula:
(Ge) o (nG) = 1
d N N\ ™
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Summary and compatible detail Free / forgetful example Two triangle round trips
structure-preserving map unit step counit step
I:l free ob) tructured i left adjoint
ree object _— [ b [gfg‘;'te ] [Ieft adjoint I—b [ left - right - Ieft]—b unchaAged

/ on generators
[
tivities | ———
ac
I:l ordinary map unit step counit step

¢ t with i joi
\ _— [right adjoint |- [right S left - right]-b "L%Zi‘:g‘g"e”;t

summary
: i free-forgetful maps correspond both triangle round trips return
Summarise evidence, then compare naturally unchanged
compatible detailed reconstructions.
\. J J U J

Figure 2. Three explanatory views of Adjoints.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Adjoints — terminology and practical value

Concept 2 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

At undergraduate level an adjunction is a best-fit correspondence between two mapping problems. The graduate
treatment expresses that correspondence as unit and counit maps, then studies the monad or comonad induced
by repeated abstraction and reconstruction.

Key terms used above

functor — A structure-preserving translation between categories, mapping both objects and arrows while preserving
identity and composition.

natural bijection — A reversible correspondence between two families of maps that varies compatibly when any input
object changes.

unit and counit — Canonical arrows from an object into abstraction-then-concretization and from concretization-then-
abstraction back to an object.

triangle identities — Two equations saying that the unit and counit cancel in the only ways needed to make the
correspondence coherent.

monad and comonad — Reusable structures produced by composing adjoint functors; they organize closure-like
computation and context-bearing observation.

Reading the formulas

Undergraduate formula. The displayed equivalence says that every map from the abstraction F of X into Y
corresponds uniquely and naturally to a map from X into the concretization G of Y. Hom means the collection
of allowed maps in the named category.

Graduate formula. The two triangle identities say that inserting the unit and then applying the counit returns F
unchanged, and dually returns G unchanged. The symbols 1 and 1, are identity transformations, not the

scalar number 1.

Why the advanced view is useful

Adjoints explain why an abstraction can be optimal without being invertible. They support query translation,
safe completion, closure, and reconstruction across raw-event and higher-level diagnostic models. See also:
Galois connections.

Diagnostic lineage. Adjoint Thread of Activity and Adjoint Message use ‘adjoint’ for a changed trace viewpoint. Neither
establishes the natural hom-set correspondence or the unit—counit laws of a categorical adjunction.

Related theoretical framing. The Fourth Edition explains the diagnostic meaning in ‘Extending Multithreading to Multibraiding’ (pp.
98-101) and ‘What is an Adjoint Thread?’ (pp. 371-376): an adjoint thread is a filtered view by module, file, function, process, or
another non-thread coordinate. That operation is not a categorical adjunction.

Validity boundary

Two functions that appear to act in opposite directions do not suffice. The map correspondence must be
bijective, natural in both variables, and based on explicitly defined categories.
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Bethe ansatz

Primary family: Mathematical physics ¢ Secondary lenses: Spectral theory; integrable systems e Specialist entry ¢ Overview page 1

of 2 « diagnostic reference?*

No mathematical knowledge required

Suppose we have many threads running at once. Each thread is fairly simple, but their interactions create a
complicated overall trace. The Bethe ansatz is a specialized method from physics that solves certain many-part
problems by combining simpler repeating pieces and accounting for how they affect one another. In diagnostics it
is mainly an analogy: look for a small set of interacting activity patterns before treating the whole trace as random
noise.

Undergraduate mathematics

In integrable spin chains, an eigenstate can be built from plane-wave terms whose amplitudes change when
excitations exchange order. Periodic boundary conditions produce Bethe equations for allowed rapidities. By
analogy, we can model recurring activities as elementary modes and their contention as pairwise scattering.
Solving consistency equations would then estimate which mode parameters can coexist with the observed global
trace, although ordinary traces rarely satisfy exact integrability.

Formula: ekl = [lex;S (kj,k[)
Graduate mathematics

The coordinate or algebraic Bethe ansatz diagonalizes selected quantum integrable models using factorized
scattering, an R-matrix, and consistency such as the Yang—Baxter equation. Roots of the Bethe equations encode
the spectrum, with subtleties involving completeness, strings, and singular solutions. For diagnostics, it is best to
treat this as a structural program in which we identify quasi-particles, pairwise interactions, and global boundary
constraints. It is not a generic fitting algorithm and requires evidence that higher-order interactions factorize.

Formula: R12R13R23 = R23R13R12

{ N\ f 3\ { N\
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Simple cycles interact and repeat Exchange on a periodic chain Two scattering orders agree
before after L path A
—
08— |-os 2 B XN
timing shift l RErodie

shared boundary same

e P T
scattering /[ ]
: Bl— —an I [2-3]—-[ 1-3]-——[1-2]
cycle closure
\_/ — — periodic closure - Bethe roots - spectrum

Interaction changes timing; the whole cycle Pairwise exchange and periodic closure select Factorised scattering must also satisfy
must close. the modes. periodic closure.

\, 7 & J U J/

Figure 3. Three explanatory views of Bethe ansatz.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Bethe ansatz — terminology and practical value

Concept 3 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The undergraduate equation imposes a global periodicity constraint on pairwise interactions. The graduate view
explains why pairwise factors can consistently replace a many-body interaction: an R-matrix must satisfy the Yang—
Baxter equation.

Key terms used above

eigenstate — A state that a linear operator changes only by multiplication by a scalar, its eigenvalue.

Bethe equations and rapidities — The Bethe equations are boundary-consistency equations whose unknowns are
rapidities, parameters that label interacting excitations and determine the allowed spectrum.

scattering matrix — The factor describing how the amplitude changes when two excitations exchange order.

integrability — Exceptional structure providing enough conserved quantities to reduce a many-body problem to
tractable consistency equations.

Yang-Baxter equation — A consistency condition saying that three pairwise scatterings give the same result in either
admissible order.

Reading the formulas

Undergraduate formula. For excitation j, traveling once around a system of length L contributes the phase
exponential of i times k; times L. That phase must equal the product of its scattering factors with every other
excitation [.

Graduate formula. The operators R;,, R;3, and R,3 act on the one-two, one-three, and two-three pairs of
three components. The equation says that applying the three pairwise interactions in one admissible order

equals applying them in the reverse admissible order.

Why the advanced view is useful

The useful diagnostic lesson is factorization: if complex contention truly decomposes into stable pairwise
interactions plus a boundary condition, global modes can be inferred from local exchanges. It also supplies a
sharp test for whether that simplification is coherent.

Validity boundary

Most software traces are not integrable. Higher-order contention, changing topology, and nonstationary
workloads invalidate the ansatz unless factorized scattering is supported by evidence.
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Braid groups

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Geometric topology; concurrency ¢ Overview page 1 of 2 e

diagnostic reference’

No mathematical knowledge required

Suppose we record how several threads pass one another during an execution. We keep the order of the crossings
but ignore harmless stretching or squeezing of the timeline. A braid group is the set of rules for combining and
undoing these crossing patterns. It can help diagnostics recognize that two concurrent runs have the same
interleaving pattern even when their exact timings differ.

Undergraduate mathematics

The braid group B, is generated by neighboring crossings g;, with commuting relations for distant crossings and
the braid relation 0;0;,,0; = 0;,10;0,,1. Each generator has an inverse. Encoding thread interleavings as words in
these generators separates the order of meaningful crossings from exact timestamps. Reduction or invariants can
then compare executions without demanding event-by-event equality.

Formula: 0;0;,10; = 0;410i0;+1
Graduate mathematics

By, is the fundamental group of the configuration space of n unordered points in the plane and maps onto the
symmetric group, with pure braids as kernel. Its representations connect to knots, Hecke algebras, and Yang—
Baxter operators. For diagnostics, we can use this to define invariants of interleaving under isotopy and describe
equivalence classes of executions. It does not automatically encode locks, causality, or duration; those need labels
or enriched braid structures.

Formula: 1> P, - B, > S, —~ 1

s D\ G \ ( 2

NO MATH REQUIRED UNDERGRADUATE GRADUATE

Thread interleavings Artin braid relation From braids to strand permutations
same crossing pattern
thread A @\ @
thread B @\ —

forget the over / under information
thread C

left sequence right sequence
> pure = strand
i
" [ braids ] i [ braids ] e [ permutation
threads cross without being cut three neighbouring crossings give the Pure braids keep every endpoint in its original
same braid position
\ Y @ J J

Figure 4. Three explanatory views of Braid groups.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Braid groups — terminology and practical value

Concept 4 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary braid relations let executions be compared as symbolic crossing words. The graduate view identifies
the entire braid group with loops in a configuration space and separates final permutation from the pure
entanglement left behind.

Key terms used above

generator — A basic neighboring crossing from which every braid can be built by composition and inversion.

braid relation and defining relation — A defining relation is an allowed equation between generator words. The braid
relation says two ways of moving three neighboring strands past one another represent the same braid.

pure braid — A braid in which every strand finishes at its own starting position, despite winding around other strands.

configuration space — The space of all allowed placements of several distinct or indistinguishable points without
collisions.

kernel — The elements a homomorphism sends to the identity; here, braids that induce no final permutation.

Reading the formulas

Undergraduate formula. The braid relation says that crossing neighbor i with i + 1, then the next pair, then
the first pair produces the same braid as doing those three local crossings in the opposite pattern.

Graduate formula. The exact sequence says pure braids sit inside all braids, while every braid determines a
permutation of n endpoints. Exactness means the pure braid group is precisely the kernel of that permutation
map.

Why the advanced view is useful

Braid invariants can compare concurrent executions while ignoring harmless changes in exact timing. They
preserve the order of meaningful interleavings and can expose genuinely different contention patterns. See
also: Braids.

Validity boundary

Locks, message contents, causal direction, and duration are absent from an unlabeled braid; they must be
added before braid equivalence can support an operational conclusion.
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Braids

Primary family: Geometry and topology ¢ Secondary lenses: Concurrency; knot theory ¢ Overview page 1 of 2 ¢ diagnostic

reference®

No mathematical knowledge required

We can draw one downward strand for each thread or request, with time moving from top to bottom. Whenever
two activities change their relative order, their strands cross. The resulting picture is a braid. Bending or stretching
the strands does not change the crossing pattern, so a braid can reveal the shared structure of concurrent runs
whose timestamps are different.
Undergraduate mathematics
Mathematically, an n-strand braid consists of non-intersecting paths connecting n start points to n end points,
monotone in the time coordinate. Braids are equivalent under isotopy that keeps endpoints fixed. Concatenation
stacks one braid after another. In a trace illustration, we can therefore retain thread identity and crossing order
while discarding uniform delays, producing a geometric normalization of interleavings.

Formula: g;0; = gjo;  (|i —j| = 2)
Graduate mathematics
Braids are morphisms in a braided monoidal setting, and isotopy classes form the braid groups when endpoints are
permuted. Categorical braiding supplies natural isomorphisms X @ Y - Y @ X subject to hexagon coherence.
Diagnostic braids can model exchange order, but a faithful semantics may require colored strands, causal
annotations, or non-invertible events. The geometry records the passage of strands but does not specify what data
or resource moved at a crossing.

Formula: Myy = ¢y x © Cxy

r \ \ \
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Requests cross in time Two drawings of one braid Hexagon coherence
later
associate
request 17 @ @
N L =N
braid braid
request 24 >
@\ O came map O
request 31 \ associate associate /
endpoints and crossing order stay fixed O O
Cns braid
time-directed strands show ;
interleaving monotone strands deform without The two routes perform the same overall
cutting or merging exchange.
L J L J J

Figure 5. Three explanatory views of Braids.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Braids — terminology and practical value

Concept 5 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A geometric braid retains who passes whom while discarding elastic details of the drawing. The graduate view
replaces the drawing by a natural exchange map inside a monoidal category and asks how double exchanges
behave.

Key terms used above

strand — A continuous path tracing one participant from its starting position to its ending position.
isotopy — A continuous deformation that keeps endpoints fixed and never lets strands pass through one another.
concatenation — Composition formed by stacking one braid after another so that endpoints match.

braided monoidal category — A setting where objects can be combined and exchanged by coherent, reversible braiding
maps.

monodromy — The double exchange obtained by braiding two objects one way and then braiding them back in the
opposite order.

Reading the formulas

Undergraduate formula. Distant crossings commute: when the strand pairs indexed by i and j are separated by
at least one untouched strand, performing one crossing before the other makes no difference.

Graduate formula. The monodromy M for X and Y first exchanges X with Y using one braiding and then
exchanges Y with X using the reverse-position braiding. The result need not be the identity in a general braided
setting.

Why the advanced view is useful

This gives a geometry-aware normal form for interleaved activities and a vocabulary for exchanges that are
locally reversible but globally nontrivial. Colored strands can retain thread, service, or resource identity. See
also: Braid groups.

Related theoretical framing. The Fourth Edition’s ‘Threads as Braided Strings in Abstract Space’ (pp. 41-43) and multibraiding
discussion (pp. 98-101) supply the execution-strand motivation. They do not define isotopy classes or braid-group relations.

Validity boundary

A crossing records relative order, not the semantics of the event at that crossing. Unlabeled braid geometry
cannot establish causality or resource transfer.
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Cartesian product

Primary family: Logic, sets, and foundations e Secondary lenses: Algebra; data modeling ¢ Overview page 1 of 2 ¢ diagnostic

reference’

No mathematical knowledge required

Suppose the services are Login and Billing, and the error types are Timeout and Crash. Listing every possible pair
gives Login-Timeout, Login-Crash, Billing-Timeout, and Billing-Crash. This complete list of combinations is a
Cartesian product. In diagnostics it creates a checklist of cases and makes missing combinations visible, although a
missing case may be impossible, unobserved, or simply not instrumented.

Undergraduate mathematics

Forsets Aand B, Ax B ={(a,b):a € A, b € B}. Products extend to many coordinates and underpin tables,
feature vectors, and state spaces. For example, we might represent a trace event in Service X Thread X
MessageType x TimeBucket. Projection maps recover individual coordinates. Counting or clustering product-
space points then reveals combinations associated with failures, while sparsity warns against assuming that every
theoretical tuple is reachable.

Formula: AX B ={(a,b):a € A, b € B}
Graduate mathematics

Categorically, a product P of A and B is characterized by projections and a universal property: every compatible
pair of arrows into 4 and B factors uniquely through P. This distinguishes a product from a mere storage tuple. In
diagnostics, independently defined views can be joined through such a universal construction when their
compatibility is explicit. Real systems often impose constraints, so the reachable state space is usually a subobject,
fiber product, or relation rather than the full Cartesian product.

(f,g:X—>AXB
malf.9)=f, me(f.9)=g

s N\ \ A

NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 6. Three explanatory views of Cartesian product.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Cartesian product — terminology and practical value

Concept 6 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The elementary product is the set of all coordinate combinations. The graduate view characterizes it through
projections and a unique factorization, which distinguishes a genuine product from a storage convention using
tuples.

Key terms used above

ordered pair — A two-coordinate value in which position matters: the first component comes from one set and the
second from another.

projection — A map that extracts one coordinate from a product, such as service from a service—thread pair.

universal property — A representation-independent rule that characterizes a construction by how every compatible
map factors through it.

subobject — A structure-preserving part of a larger object, used when only some nominal coordinate combinations are
reachable.

fiber product — A constrained product of pairs whose images agree in a shared comparison object.

Reading the formulas

Undergraduate formula. A cross B consists of every ordered pair whose first coordinate belongs to A and
whose second coordinate belongs to B. No dependence constraint is imposed by this definition.

Graduate formula. Given maps f into A and g into B, the angle-bracket map is the unique map into the
product whose A projection equals f and whose B projection equals g.

Why the advanced view is useful

Products organize multiaxis events, feature vectors, and joint state spaces. The universal property also clarifies
how independently designed diagnostic views can be combined without privileging one concrete data layout.

Validity boundary

Real software states are usually constrained and sparse. Treating every theoretical tuple as reachable can
create impossible baselines and misleading anomaly scores.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Categories

Primary family: Category theory and higher structures e Secondary lenses: Compositional modeling ¢ Overview page 1 of 2 e

diagnostic reference8

No mathematical knowledge required

Consider a diagram made from boxes and arrows. The boxes are things such as evidence formats or system states.
The arrows are allowed steps such as parsing, translating, or changing state. A category is a set of rules for such a
diagram: steps can be chained, and every box has a step that leaves it unchanged. This helps diagnostics reason
about a whole pipeline without losing how its parts connect.

Undergraduate mathematics

A category C consists of objects, morphisms, associative composition, and identity morphisms. Examples include
sets with functions, graphs with homomorphisms, or states with reachable transitions. A diagnostic pipeline can be
a category whose morphisms preserve selected evidence. Commutative diagrams express that two processing
routes produce the same result, making assumptions about parsing, normalization, and correlation visible.
ho(gef)=(hog)ef

lpef=f=felys

Graduate mathematics

Formula:

Category theory characterizes constructions by universal properties rather than internal representation. Limits
combine compatible observations; colimits assemble fragments; functors translate diagnostic domains; natural
transformations compare translations. Enriched, monoidal, or higher categories can model cost, concurrency, and
transformations between transformations. The abstraction is valuable only when objects, morphisms, and
preservation laws are stated precisely; otherwise a diagram of arrows is only suggestive and does not provide
categorical evidence.

Formula: Hom(N,limD) = Cone(N, D)

r N\ [ N\ ™\

NO MATH REQUIRED UNDERGRADUATE GRADUATE

Every compatible cone factors
uniquely

composite @
/\
unique

]
]
f |
®) —© :
Q O O s
id id id @
things connected by chainable

arrows Each object has a complete identity loop. The dashed map is the unique mediator.

Composable request path Objects, maps, composition, identities

- 7 \ J J

Figure 7. Three explanatory views of Categories.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Categories — terminology and practical value

Concept 7 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Undergraduate category theory supplies objects, arrows, identities, and associative composition. At graduate level,
we shift attention from the inside of an object to universal mapping behavior, allowing one construction to be
recognized across many representations.

Key terms used above

object — A thing being modeled; its internal representation may remain unspecified.
morphism — An allowed structure-respecting transformation or relation from one object to another.
identity morphism — The do-nothing arrow for an object, required to behave neutrally under composition.

universal property — A uniqueness-through-mapping rule that defines a construction independently of implementation
details.

limit and colimit — Canonical ways to combine compatible observations or assemble connected fragments of a diagram.

Reading the formulas

Undergraduate formula. The first identity says that three composable arrows give the same result under either
parenthesization. The second says the identity arrows of A and B leave the arrow f unchanged on the
appropriate side.

Graduate formula. The limit equation says that maps from any candidate N into the limiting object correspond
naturally to compatible cones from N to the whole diagram D. This mapping property determines the limit up
to isomorphism.

Why the advanced view is useful

Categories make preservation assumptions in diagnostic pipelines explicit. Commutative diagrams can test
whether parsing, normalization, aggregation, and correlation agree across alternate processing routes. See
also: Cones.

Related theoretical framing. The MemD model (pp. 88-90), troubleshooting category (p. 109), categorical foundations (pp. 271-272),
and extended debugging construction (pp. 319-330) show several choices of diagnostic objects and arrows. Each choice still requires
identities, closure, and associative composition.

Validity boundary

Arrows must have a defined meaning and obey the laws. A workflow sketch becomes categorical evidence only
after its objects, morphisms, and preservation claims are testable.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Causal sets

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Mathematical physics; distributed systems ¢ Overview page 1

of 2 « diagnostic reference®

No mathematical knowledge required

In a distributed system, one event may trigger another, while two events on different machines may have no
known order. A causal set records only the before-and-after links supported by possible influence. It does not force
every event onto one complete timeline. When two events have no recorded order, that may be a real fact about
simultaneous work rather than a missing timestamp.

Undergraduate mathematics

A causal set is commonly modeled as a locally finite partially ordered set. The order is transitive, antisymmetric,
and interpreted causally; local finiteness means only finitely many elements lie between two comparable events. A
trace can use happens-before as the order, with a Hasse diagram showing immediate causal links. Causal depth,
antichains, and intervals then measure critical chains, concurrency, and bounded regions of activity.

X<y<z=>x<z

Formula: Hurx <u<z}| <o

Graduate mathematics

In causal-set theory, order encodes conformal causal structure while counting supplies volume. For diagnostics, a
labeled finite poset can represent event provenance, and linear extensions represent timestamp-compatible total
orders. Inference may compare observed order with candidate causal histories or compute order-theoretic
invariants. We must distinguish true causation from recorded precedence: network delivery, sampling, and
instrumentation can create or erase order relations, so the poset should carry evidential confidence or observation

semantics.
Formula: |I(x,z)| Vol(]*(x) n]‘(z))
s \ \ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Ordered and concurrent events @ Causal interval and volume
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> counting interval events models spacetime volume
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Figure 8. Three explanatory views of Causal sets.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Causal sets — terminology and practical value

Concept 8 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The elementary model turns happens-before evidence into a locally finite poset. The graduate view treats order as
causal geometry, counting as volume, and alternate timestamp-compatible histories as linear extensions.

Key terms used above

partial order — A relation that is reflexive, antisymmetric, and transitive, allowing some event pairs to remain
incomparable.

local finiteness — Only finitely many elements lie causally between any two comparable elements.

causal interval — The elements after one event and before another, including or excluding endpoints by convention.

antichain — A set of mutually incomparable events, often interpreted as concurrent possibilities.

linear extension — A total ordering that respects every comparison already present in the partial order.

Reading the formulas

Undergraduate formula. The first relation states transitivity: if x precedes y and y precedes z, then x precedes
z. The second says the set of elements strictly between x and z is finite.

Graduate formula. The number of elements in the order interval from x to z is taken as proportional to the
spacetime volume between the causal future of x and causal past of z.

Why the advanced view is useful

Causal depth, longest chains, antichains, and intervals can isolate critical paths and concurrency without
inventing an arbitrary total order for events whose relative order was not observed.

Diagnostic lineage. Causal History, Causal Messages, and Causal Chains organize possible causal precedence. The source also
draws Causal History in an inverted Hasse-like form, but a formal causal set still needs a verified partial order.

Validity boundary

Recorded precedence is not automatically causation. Sampling, clock error, queues, and missing
instrumentation can add or remove order relations and should be modeled as evidential uncertainty.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Coalgebras, functors, 2-categories

Primary family: Category theory and higher structures e Secondary lenses: State-based systems; semantics ¢ Overview page 1 of 2 e

diagnostic referencel®

No mathematical knowledge required

These three ideas answer three different questions. A coalgebra describes what a system can reveal or do next. A
functor is a translation that keeps important connections intact. A 2-category also compares different translations.
Together they suggest a diagnostic design in which a running system produces observations, those observations
are translated into useful views, and competing views can be compared in a controlled way.

Undergraduate mathematics

For an endofunctor F, an F-coalgebra is a map ¢: X — F(X), often representing transition and observation. A
functor maps objects and arrows while preserving identities and composition. A 2-category adds 2-morphisms
between arrows. A labeled transition system, its trace semantics, and transformations between semantic
mappings can therefore be organized in one compositional framework rather than as unrelated conversion scripts.

Formula: ¢: X = F(X)
Graduate mathematics

Coalgebraic semantics studies behavior via final coalgebras, bisimulation, and coinduction. Functors specify the
shape of observations; natural transformations relate semantics; 2-categorical structure tracks transformations
and coherence between them. Diagnostic pipelines can thus separate operational state, observable behavior,
abstraction, and comparison. For this framework to be useful, the chosen endofunctor, behavioral equivalence,
and coherence laws must match the instrumentation. Otherwise, the categorical vocabulary obscures the
diagnostic problem.

Formula: 3'h: X > vF: (oh=F(h)oc

r N\ [ N\ “

NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 9. Three explanatory views of Coalgebras, functors, 2-categories.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Coalgebras, functors, 2-categories — terminology and practical value

Concept 9 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A coalgebra packages state together with what can be observed next. Functors fix the observation shape, while 2-
categorical transformations compare whole semantic translations and retain how those comparisons compose.

Key terms used above

endofunctor — A functor from a category back to itself; it specifies the shape of one step of observation or transition.
coalgebra — A state object equipped with a map that reveals its next-step behavior or observable structure.

final coalgebra — A universal behavior space into which every coalgebra has one behavior-preserving map.
bisimulation — A relation pairing states that can match one another’s observations and subsequent transitions.
coinduction — A proof method that establishes behavioral equality by exhibiting a suitable bisimulation.

Reading the formulas

Undergraduate formula. The structure map ¢ sends a state in X to an F-shaped observation of that state. The
formula leaves F abstract so the same pattern can represent streams, labeled transitions, trees, or other
behaviors.

Graduate formula. For any coalgebra c on X, there is exactly one behavior map h into the final coalgebra vF.
The commuting equation says observing after h gives the same result as observing in X and mapping the
resulting structure through F of h.

Why the advanced view is useful

This separates operational state from observable behavior and supports equivalence through bisimulation. It is
valuable when different implementations should be considered the same because they expose the same trace

semantics.

Validity boundary

The endofunctor and behavioral equivalence must match the actual instrumentation. Choosing them for
mathematical convenience can make distinct failures appear bisimilar.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Cones

Primary family: Geometry and topology ¢ Secondary lenses: Convex analysis; category theory ¢ Overview page 1 of 2 ¢ diagnostic

referencell

No mathematical knowledge required

We can start with one suspicious request, pointer, or event and mark everything that could be reached from it. The
marked region widens as more possible consequences appear, like a cone spreading from a tip. This picture helps
diagnostics show the possible impact of one starting point. The same word is also used for a different kind of
mathematical diagram, so the intended meaning should always be stated.

Undergraduate mathematics

A convex cone C is closed under non-negative scaling and, usually, addition: if x and y are in C, then ax + by is in
C for a, b = 0. Reachability cones similarly collect future or dependent states. For example, we can approximate a
pointer cone by graph traversal from a root, then measure it by depth, fan-out, or type distribution. This is a
discrete reachability analogue, not automatically a convex cone.

Formula: x,y €C, a,b =2 0=>ax+ by €C
Graduate mathematics

In category theory, a cone to a diagram D:] — C is an apex object N with compatible morphisms N — D(j); a
limiting cone is universal. In geometry and optimization, tangent, normal, and dual cones describe local feasible
directions. Diagnostics can use either interpretation: compatible observations converging on an explanatory
object, or a reachable/feasible region around evidence. We need to name the structure being used to avoid false
conclusions about universality, convexity, or causality.

Formula: u:i > jin] = D(u) o A; = 4;

r \ [ N\ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 10. Three explanatory views of Cones.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Cones — terminology and practical value

Concept 10 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The source concept uses both reachability or convex cones and categorical cones. The graduate distinction
matters: one is a region closed under certain operations, while the other is a compatible family of maps
characterized by universality.

Key terms used above

apex — The single object from which all legs of a categorical cone originate.

diagram — A category-shaped collection of objects and arrows whose relationships are part of the data.
compatible legs — Maps from the apex that agree with every arrow already present in the diagram.
limiting cone — A universal compatible cone through which every other compatible cone factors uniquely.

dual cone — In geometry, the vectors pairing nonnegatively with every vector of a given cone; this is a different use of
the word cone.

Reading the formulas

Undergraduate formula. For any x, y € C and non-negative scalars a, b, the combination ax + by remains in
C. This is the closure condition for a convex cone and matches the undergraduate prose.

Graduate formula. For every arrow u: i — j in indexing category J, following cone leg A; by D (u) equals cone
leg 4;. This is the compatibility condition for a categorical cone.

Why the advanced view is useful

Categorical cones formalize several evidence views that converge on one explanation; geometric cones
describe reachable or locally feasible directions. Naming the intended structure prevents a vague fan-out
diagram from carrying unsupported claims. See also: Categories.

Validity boundary

Universality, convexity, and causality are separate properties. A pointer-reachability region may resemble a

cone visually while satisfying none of the algebraic or categorical laws.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Continuous and discontinuous functions

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Topology; change-point analysis ¢ Overview page 1 of

2 e diagnostic reference!?

No mathematical knowledge required

Suppose we slowly increase traffic to a service. If latency also changes gradually, the response is continuous. If
latency suddenly jumps, there is a discontinuity. Restarts, failovers, limits, or instrumentation changes can all cause
such jumps. A jump is not automatically a fault, but it warns that the system may have entered a different
operating mode and that one explanation may no longer fit both sides.

Undergraduate mathematics

Continuity at x means f(x,,) approaches f (x) whenever x,, approaches x, or equivalently that preimages of open

sets are open. Discontinuities include jumps, removable holes, and unbounded behavior. In sampled telemetry,

finite differences and change-point methods approximate these ideas. We must distinguish a real system

discontinuity from aliasing, missing samples, counter reset, aggregation, or a changed measurement definition.
Formula: Ve > 036> 0: [x—a| <= |f(x) — f(a)| <&

Graduate mathematics

Topological continuity depends on the chosen spaces, while regularity may be quantified by Lipschitz, Holder,
bounded-variation, or distributional notions. Hybrid systems combine continuous flows with discrete jumps; cadlag
paths are common for event-driven data. A diagnostic model can therefore treat regime switches as jump
measures and smooth evolution as a flow. The inference depends on the observations. Since preprocessing can
produce apparent smoothness or discontinuity, we need to include the measurement map in the model.

Formula: D 1oy = &g

8 N N ")
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Figure 11. Three explanatory views of Continuous and discontinuous functions.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Continuous and discontinuous functions — terminology and practical value

Concept 11 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The undergraduate £-§ statement gives a pointwise test for continuity. At graduate level, we extend the
treatment from smooth functions to jump paths and distributions, where an abrupt change has a meaningful
derivative even though no ordinary slope exists at the jump.

Key terms used above

continuity — Small changes in input can be confined to small changes in output, with the precise meaning set by the
spaces’ topology.

regularity — A graded description of smoothness, such as Lipschitz, Hélder, or bounded-variation behavior.

distribution — A generalized function defined by how it acts on test functions, allowing idealized impulses and
derivatives of jumps.

Dirac delta — A distribution concentrated at one point whose integral effect is one; it represents an ideal instantaneous
impulse.

cadlag path — A path that is right-continuous and has a finite left limit at every time, common in jump-process models.

Reading the formulas

Undergraduate formula. For every desired output tolerance €, some input tolerance § can be chosen so that
inputs within & of a produce outputs within € of f of a.

Graduate formula. The distributional derivative of the step that is zero before time zero and one afterward is a
Dirac delta located at zero. It records the entire unit jump as an impulse.

Why the advanced view is useful

This vocabulary separates gradual drift, abrupt regime change, and measurement impulses. It guides change-
point detection, smoothing choices, and hybrid models that combine continuous flows with discrete events.

Validity boundary

Sampling, aggregation, missing values, counter resets, and preprocessing can produce apparent smoothness or

jumps. The observation process must be included before assigning system meaning.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Cover

Primary family: Geometry and topology ¢ Secondary lenses: Set theory; observability ¢ Overview page 1 of 2 ¢ diagnostic

referencel3

No mathematical knowledge required

No single source may show an entire incident. Application logs show one part, network traces another, and
memory snapshots another. If the sources overlap and together include everything being studied, they form a
cover. The overlaps allow facts to be checked across sources. Any region included by none of them is a clearly
identified observability blind spot.

Undergraduate mathematics

A family {U;} covers a set X when X is contained in the union of the U;. In topology, an open cover uses open sets
and supports compactness and local-to-global reasoning. We can treat diagnostic windows, component views, or
telemetry sources as covering sets. Their intersections identify correlation opportunities, while the uncovered
complement identifies events or states that the instrumentation cannot observe.

Formula: X = UU;
el

Graduate mathematics
Graduate theory adds compactness and metric control. If an open cover U covers a compact metric space X, the
Lebesgue number lemma gives one radius § > 0 that works everywhere: every ball of that radius lies inside some
cover member. In diagnostics, this expresses a guaranteed local observation scale at which every neighborhood is
wholly visible to at least one source. Without openness, a metric, and compactness, a uniform radius is not
guaranteed.

X compact metric

Formula: =>36>0 Vxe€X IVUEU Bs(x)cU
U an open cover of X
( N\ ( N [ "\
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 12. Three explanatory views of Cover.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Cover — terminology and practical value

Concept 12 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

At undergraduate level, we ask whether every target point appears in some member of the cover. At graduate
level, we ask whether compactness converts many local cover choices into one uniform working scale: a single
radius small enough that every local neighborhood lies inside some observation region.

Key terms used above

cover — A family of sets whose union contains every point of the target space.
open cover — A cover whose members are open in a specified topology, enabling local-to-global topological arguments.

Lebesgue number — A positive radius such that every ball of that radius lies inside some member of an open cover;
every open cover of a compact metric space has one.

compact metric space — A metric space in which every open cover has a finite subcover; compactness is the hypothesis
that turns point-by-point coverage into a uniform local scale.

metric ball — The set of points lying within a chosen distance of a center; the Lebesgue number lemma places every
sufficiently small such ball inside a cover member.

Reading the formulas

Undergraduate formula. The union of all U; equals X: every point of X belongs to at least one member of the
cover. The index set I simply labels the members.

Graduate formula. For an open cover U of a compact metric space X, there is a number § > 0 such that every
point x has a §-ball contained in some U € U. This is the Lebesgue number lemma.

Why the advanced view is useful

Uniform local scale helps choose window sizes, sampling neighborhoods, or sensor resolution so every
sufficiently small region is wholly observed by at least one source. The Nerve complex entry asks a different
question: what the cover’s overlap pattern preserves. See also: Nerve complex.

Validity boundary

A uniform radius is guaranteed only for an open cover of a compact metric space. In noncompact, nonmetric,
or non-open settings, admissible local scales may shrink without a positive global lower bound; a diagnostic
scale must then be justified locally or empirically.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Critical points, Morse theory

Primary family: Geometry and topology ¢ Secondary lenses: Differential calculus; optimization e Overview page 1 of 2 ¢ diagnostic

referencel®

No mathematical knowledge required

Consider a landscape of hills, valleys, and mountain passes. A critical point is a place where the ground is
momentarily flat, such as a peak, valley, or pass. Morse theory studies how these special points reveal the larger
shape of the landscape. In diagnostics, a landscape of latency or anomaly scores can use them to highlight
thresholds, unstable settings, and changes between operating modes.

Undergraduate mathematics
For a differentiable function f, a critical point satisfies Vf = 0. The Hessian classifies a non-degenerate point by
the number of negative eigenvalues, its Morse index. Morse theory relates these points to topology changes in
sublevel sets {x: f (x) < a}. As a diagnostic threshold rises, connected regions of anomalous observations may
appear, merge, or form holes at critical values, revealing structural rather than merely numerical change.

Vi(p) =0
ind(p) = #{4;(Hess, f) < 0}

Graduate mathematics

Formula:

Let M€ = {x: f(x) < c}. If f~1([a, b]) is compact, disjoint from the boundary, and contains exactly one non-
degenerate critical point of index A, then crossing its critical value changes M? by a A-handle and, up to homotopy,
by attaching a A-cell. Morse inequalities relate critical-point counts to homology. Telemetry often needs discrete,
stratified, or persistent variants because noise and singularities violate these hypotheses.
f~'([a, b]) compact and disjoint from oM
Formula: Crit(f) n f~1([a, b]) = {p}, p non-degenerate = M? =~ M¢ Uy et
ind(p) =2
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Figure 13. Three explanatory views of Critical points, Morse theory.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Critical points, Morse theory — terminology and practical value

Concept 13 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Calculus locates and classifies stationary points. Morse theory uses those local curvature signatures to describe
globally when components, tunnels, and voids appear as a threshold changes.

Key terms used above

critical point — A point where the first derivative vanishes, so first-order change provides no preferred direction.
Hessian — The matrix of second partial derivatives, describing local curvature near a critical point.

Morse index — The number of negative Hessian eigenvalues, equal to the number of locally downward curvature
directions.

sublevel set, handle, and cell attachment — A sublevel set contains points below a threshold. Crossing one non-
degenerate critical value attaches a A-handle diffeomorphically; after collapsing transverse directions, the homotopy
statement attaches a A-cell.

Morse inequalities — Bounds comparing the number of critical points of each Morse index with the corresponding
homology ranks; they show how much critical-point data the global topology requires.

Reading the formulas

Undergraduate formula. The gradient of f at p is zero. The index is the count of negative eigenvalues of the
Hessian at p, so a minimum has index zero and a maximum in n dimensions has index n.

Graduate formula. The display states the compactness, boundary, uniqueness, non-degeneracy, and index
hypotheses explicitly. Under them, the upper sublevel set M? has the homotopy type of M with a A-cell
attached by map ¢. The display is the homotopy form, not the stronger diffeomorphism statement about a full
handle.

Why the advanced view is useful

This reveals structural change across anomaly thresholds instead of selecting one arbitrary cutoff. Persistent
critical features can identify merges, bottlenecks, or new failure regions in a state landscape.

Validity boundary

Noise and smoothing can create or erase critical points, and operational state spaces may be singular rather
than smooth manifolds. Classical Morse hypotheses must be checked or replaced by discrete, stratified, or
persistent variants.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Curves

Primary family: Geometry and topology ¢ Secondary lenses: Calculus; time-series analysis ® Overview page 1 of 2 e diagnostic

referencel®

No mathematical knowledge required

Plotting latency over time draws a curve: a path that shows how a value changes. A diagnostic curve can also track
several values together, such as latency, CPU use, memory use, and queue depth. Its direction, turns, loops, and
speed show how the system moves through different states. We can therefore compare two incidents as complete
journeys rather than as isolated snapshots.

Undergraduate mathematics

A regular parametric curve is a map y: I - R™ with y'(t) # 0. Its derivative gives tangent and speed, while the
dimension-independent curvature formula measures turning. Reparameterization changes traversal speed without
changing the geometric image. For traces, event time parameterizes a path through feature space; arc length,
curvature, and distance between curves can detect bursts, phase changes, or anomalous trajectories.

’ 2||lyn 2_(yr " 2
Formula: k(t) = MIZIGI "(;,)(”t)”iy (OEZION , Y'(@®)#0

Graduate mathematics

On a manifold, a smooth curve probes tangent vectors, connections, geodesics, and holonomy. Families of curves
support path spaces and variational principles. Diagnostic trajectories may be piecewise smooth, stochastic, or
only partially observed, so Fréchet distance, dynamic time warping, rough paths, or path signatures can be more
suitable than Euclidean comparison. The chosen invariance (time warping, translation, or scale) determines which
operational differences are intentionally ignored.

Formula: V;y =0

r \ ( \ ( )
NO MATH REQUIRED UNDERGRADUATE GRADUATE

Incident path through states Tangent and normal at a curve point

normal
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tangent, connection and transported frame
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P L paths on state manifolds with
an incident becomes a path The tangent follows the curve's instantaneous e i
direction.
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Figure 14. Three explanatory views of Curves.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Curves — terminology and practical value

Concept 14 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary curve analysis extracts speed, tangent, and bending from a path in feature space. The graduate
formulation moves the path onto a manifold, where straightness and acceleration depend on the space’s
connection rather than ambient coordinates.

Key terms used above

parametric curve — A map from an interval into a space, with the parameter commonly representing time.
tangent — The instantaneous direction of travel given by the first derivative of the curve.

curvature — A scale-adjusted measure of how rapidly the tangent direction is turning.

reparameterization — A change of the traversal clock that can preserve the geometric path while changing speed.

geodesic and geodesic equation — A geodesic is locally straight for the chosen connection. Its named equation says the
covariant derivative of its velocity along itself is zero.

Reading the formulas

Undergraduate formula. The Gram-determinant numerator measures the part of acceleration perpendicular to
velocity, and division by speed cubed removes the traversal rate. The formula works in every Euclidean
dimension n when y'(t) # 0; in R? it reduces to the familiar cross-product formula.

Graduate formula. The covariant derivative of the velocity vector along the curve is zero. This is the geodesic

equation: the path has no intrinsic acceleration according to the chosen connection.

Why the advanced view is useful

Operational trajectories can be compared through length, curvature, turning events, and shape-aware
distance. Choosing invariance to time warping can separate a slow incident from a geometrically different
incident.

Validity boundary

Telemetry paths may be discrete, stochastic, or partially observed. Derivative estimates and apparent

curvature are highly sensitive to sampling, feature scaling, and interpolation.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Defect group of a block

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Modular representation theory e Specialist entry ¢ Overview

page 1 of 2 e diagnostic referencel®

No mathematical knowledge required

Suppose we divide related behaviors into smaller families called blocks. In the original mathematics, each block is
studied using a prime number. A prime is a whole number, such as 2 or 3, divisible only by 1 and itself. Its defect
group shows where the block’s remaining difficulty is concentrated. For diagnostics, the lesson is to look inside a
broad incident family for the compact core of components or interactions that sustains the problem.

Undergraduate mathematics

Let k have characteristic p and let kG be a finite-group algebra. Its blocks are the indecomposable two-sided ideal
direct summands selected by primitive central idempotents. A defect group D is a p-subgroup, determined up to
conjugacy, that measures a block’s p-local complexity; defect-zero blocks are comparatively simple. A diagnostic
translation seeks a compact persistent dependency region, but this is only an analogy unless the group and Brauer
structures exist.

Formula: Brp(eg) # 0
Graduate mathematics

Defect groups arise through Brauer pairs, local pointed groups, or vertices of modules and control much of a
block’s local representation theory. Brauer correspondence and conjectures such as Alperin’s link global
representation data to p-local subgroups. For diagnostics, this suggests localization, where a global equivalence
class may have an internal symmetry carrier. A mathematically faithful model would need a finite group action,
modular coefficient field, block idempotents, and justified correspondence between local and global evidence.

Formula: Brp(eg) # 0, Brp(eg) =0 forevery p-subgroup Q withD < Q <G

r \ \ ( 3
NO MATH REQUIRED UNDERGRADUATE GRADUATE

Persistent core across failures Defect detected by the Brauer map Poset of Brauer pairs

Brauer image
timeout family retry family queue family = zer0 defect pair
block
idempotent B

\ Brauer image
[I]
D is the maximal candidate
Brauer image
farder )

trivial pair

a broad failure family has a the defect group is a maximal local block structure is organised by
persistent core p-subgroup with nonzero image inclusions, not a generic tree
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Figure 15. Three explanatory views of Defect group of a block.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Defect group of a block — terminology and practical value

Concept 15 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The undergraduate description treats a defect group as the largest p-local carrier detected by the block. Graduate
representation theory embeds that condition in Brauer pairs and correspondences linking global representations
to local subgroups.

Key terms used above

group algebra — A vector space of formal sums of group elements whose multiplication extends the group operation
linearly.

block — An indecomposable direct component of a modular group algebra, selected by a primitive central idempotent.

p-subgroup — A subgroup whose order is a power of the prime p fixed by the coefficient field’s characteristic.

Brauer map — A localization map that tests which p-subgroups support the modular information carried by a block
idempotent.

conjugacy — The equivalence identifying subgroups related by an internal change of coordinates in the ambient group.

Reading the formulas

Undergraduate formula. The Brauer image of the block idempotent eg at D is nonzero. In plain language, the
block remains visible when information is localized at the p-subgroup D.

Graduate formula. D detects the block because Brj (eg) # 0, while every strictly larger p-subgroup Q has zero
Brauer image. Restricting Q to p-subgroups makes the maximality statement well formed; D remains
determined only up to conjugacy.

Why the advanced view is useful

We can transfer the idea of localization to diagnostics, where a global family of related failures may be
controlled by a smaller dependency region carrying the symmetry. It prompts a search for the minimal

persistent carrier of global behavior.

Validity boundary

A literal defect group requires a finite group action, a field of characteristic p, a block idempotent, and the
Brauer machinery. Without them, the software use is an analogy, not representation theory.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Derivatives, partial derivatives

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Optimization; sensitivity analysis ¢ Overview page 1 of

2 e diagnostic referencel’

No mathematical knowledge required

A speedometer shows not just distance traveled but how quickly distance is changing. A derivative does the same
for any measured value. Rising queue depth may look modest, while its fast rate of growth warns of an
approaching backlog. A partial derivative changes one input at a time, helping diagnostics ask whether latency
reacts most strongly to load, payload size, memory pressure, or another factor.

Undergraduate mathematics

For one variable, f'(x) is the limit of a difference quotient. For f: R" — R, partial derivatives form the gradient;
second derivatives form the Hessian. Since telemetry is discrete, we estimate derivatives with finite differences,
local regression, or automatic differentiation in a model. Large slopes, sign changes, and cross-partials can expose
thresholds and interactions, but noise amplification makes smoothing and uncertainty estimates essential.

Formula: Vf = (8:f, ...,0nf), Hf = (0;0;f)
Graduate mathematics

The Fréchet derivative is the best linear approximation between normed spaces; directional and weak derivatives
extend the idea when classical smoothness fails. Sensitivity, adjoint methods, and influence functions can connect

model outputs to parameters or observations. In diagnostics, we should distinguish derivative claims from causal
al . . . . S .
effects: % in a fitted surface is conditional on the model and data distribution, and correlated inputs or

regime changes may make the local linearization misleading.
Ilf (x+h)—f (x)—Df )Rl

Formula: lim =0
lhlI-=0 IRl
g N\ [ N\ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Measure how quickly activity changes Directional change and steepest Replace a function locally by a linear
ascent map
partial slope gradient
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X —= —_—
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Figure 16. Three explanatory views of Derivatives, partial derivatives.

DumpAnalysis.org Page 35


https://www.dumpanalysis.org/blog/index.php/2010/03/08/trace-analysis-patterns-part-18/

MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Derivatives, partial derivatives — terminology and practical value

Concept 16 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Partial derivatives collect coordinate-wise slopes; the Hessian adds local curvature. The Fréchet definition removes
dependence on coordinates and requires one linear map to approximate all sufficiently small perturbations at
once.

Key terms used above

gradient — The vector of first partial derivatives, pointing toward steepest local increase under a Euclidean metric.
Hessian — The matrix of second partial derivatives, capturing curvature and pairwise local interactions.
Fréchet derivative — The best bounded linear approximation to a function between normed spaces.

weak derivative — A derivative defined through integration against test functions, even when a classical pointwise
derivative is absent.

sensitivity — The rate at which a model output changes under a small perturbation of input, parameter, or observation.

Reading the formulas

Undergraduate formula. The gradient lists each first partial derivative of f, while the Hessian places the mixed
second derivative with respect to coordinates i and j in entry i, j.

Graduate formula. After subtracting both f of x and the proposed linear change Df at x applied to h, the
remaining error divided by the size of h tends to zero. That limit makes Df the best first-order linear model.

Why the advanced view is useful

Derivatives quantify local sensitivity, reveal thresholds and interactions, and support influence analysis or
adjoint computation in large diagnostic models. The Hessian distinguishes flat, stable, and unstable local

directions.

Diagnostic lineage. The printed lineage joins Statement Density and Current, Trace Acceleration, Message Change, and Data
Association. Rates and changes motivate derivative language, mostly as quantitative or heuristic analogies rather than one
shared differentiable model.

Validity boundary

A fitted partial derivative is not automatically a causal effect. Noise, correlated inputs, regime changes, and
poor scaling can make local linearization unstable or misleading.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dessin d’enfant

Primary family: Algebraic geometry and number theory e Secondary lenses: Graph embeddings; Riemann surfaces e Specialist entry

* Overview page 1 of 2 e diagnostic referencel®

No mathematical knowledge required

Consider a network with black and white points drawn on a surface. The connections matter, but so do the loops
and the way the network sits on that surface. This special drawing is called a dessin d’enfant. In diagnostics it can
inspire a compact incident map in which two event types form the points. The arranged connections can preserve
a repeating order or loop pattern that an ordinary network diagram might hide.

Undergraduate mathematics
A dessin is a bipartite graph embedded in an oriented compact surface so that each face is a disk. It can be
obtained as the inverse image of the interval [0,1] under a Belyi map, with black vertices over 0 and white vertices
over 1. Cyclic edge order around vertices matters. A diagnostic dessin can therefore encode typed events together
with local ordering, not merely adjacency.

Formula: D = £71([0,1]) € X
Graduate mathematics
Belyi’s theorem gives an equivalence between compact Riemann surfaces defined over algebraic-number fields
and surfaces admitting maps ramified only over 0, 1, and infinity; dessins encode these maps combinatorially. The
absolute Galois group acts faithfully on dessins. Diagnostic use is metaphorical unless a comparable covering map
and monodromy are constructed, but the method demonstrates how a finite embedded graph can retain global
surface, branching, and symmetry information.
_ CritVal(B) € {0,1, 0}

Formula
00010, =1
' N £ N\ “\
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Two event types form an embedded A bipartite graph on an oriented The Belyi map records branching
network sphere
event type A: @ type B: O
©®
Loops around branch values
permute the covering sheets.
alternating black and white vertices
Point types and cyclic connection order both The embedding includes cyclic orders and Critical values lie among 0, 1, and = on the
matter. disk faces. sphere.
\ v | > \ .

Figure 17. Three explanatory views of Dessin d’enfant.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dessin d’enfant — terminology and practical value

Concept 17 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The embedded bipartite graph is the inverse image of a simple interval. Graduate theory shows that its cyclic
orders and branching encode an algebraic curve, a covering map, and a monodromy permutation triple.

Key terms used above

Riemann surface — A real two-dimensional surface equipped with complex-coordinate charts whose overlaps are
holomorphic.

Belyi map and Belyi’s theorem — A Belyi map is holomorphic to the Riemann sphere with critical values only at zero,
one, and infinity. Belyi’s theorem says a compact Riemann surface admits one exactly when it is definable over the
algebraic numbers.

ramification — Local branching where a covering map fails to be one-to-one and several sheets meet with multiplicity.
monodromy — The permutation of sheets obtained by analytically continuing them around a branch value.

absolute Galois group — The symmetry group of the algebraic numbers over the rationals, acting in a highly structured
way on dessins.

Reading the formulas

Undergraduate formula. The dessin D is the set of all points of the surface X that the Belyi map S sends into
the real interval from zero to one.

Graduate formula. All critical values of § are restricted to zero, one, and infinity. The three monodromy
permutations around those values multiply to the identity because the corresponding loops compose to a

contractible loop on the sphere.

Why the advanced view is useful

Dessins demonstrate how a finite, typed, embedded graph can retain global branching, surface, and symmetry
information. We can use this as a design pattern for diagnostic summaries that must preserve local order
around events.

Validity boundary

A diagnostic graph is not a dessin merely because it is bipartite. A literal use requires a surface embedding,

cyclic edge order, and a compatible Belyi covering or equivalent monodromy data.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dimension

Primary family: Geometry and topology ¢ Secondary lenses: Linear algebra; data analysis ¢ Overview page 1 of 2 ¢ diagnostic

reference?®

No mathematical knowledge required

Aline needs one number to locate a point, while a flat map usually needs two. Dimension is the number of
independent directions needed to describe something. A diagnostic record may include time, service, thread,
message type, duration, and many other fields. However, several fields may move together, so the real behavior
can be simpler than the number of recorded columns suggests.

Undergraduate mathematics

For a vector space, dimension is the size of a basis. For data, ambient dimension is the number of features, while
intrinsic dimension estimates the degrees of freedom occupied by observations. Rank, principal components, and
manifold methods help identify redundant coordinates. In diagnostics, a 100-field event schema may still vary
mainly along load, contention, and failure-stage axes, making reduced representations useful for visualization and
anomaly detection.

Formula: dimV =n & 3 vy, ..., v, € V linearly independent with V = span{v,, ..., v,}
Graduate mathematics

Dimension has distinct definitions across algebraic, topological, fractal, and homological settings. Local manifold
dimension, Krull dimension, Hausdorff dimension, and categorical dimension need not coincide. In diagnostic
analysis, we should state which dimension is measured and at what scale. Intrinsic-dimension estimators are
sensitive to noise, sampling density, and mixed regimes; a union of strata may have no single operational
dimension, suggesting stratified or multiscale models instead of one global reduction.

Formula: dimyX = inf{s: H*(X) = 0}

r \ \ Y
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Independent behaviour controls directions Dimension depends on the category
z
CPU O curve: 1D
~

queue O \/
cache ¢

O o X tangent dimension  Hausdorff dimension krull dimension

3 controls
y
how mET\Y_i"dEPe"d_Ent knobs . . smooth, fractal, and algebraic objects
describe behaviour? All coordinate axes meet at the same origin. use different invariants

" J \ J U J

Figure 18. Three explanatory views of Dimension.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dimension — terminology and practical value

Concept 18 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Linear dimension counts basis directions. At graduate level, we ask which notion of dimension fits the object
(topological, fractal, algebraic, or local) and recognize that a mixed or stratified dataset may have no single global
answer.

Key terms used above

basis — A minimal set of independent vectors from which every vector in a space is uniquely assembled.

ambient dimension — The number of coordinates in the surrounding representation, such as the columns in an event
table.

intrinsic dimension — The smaller number of independent degrees of freedom occupied by the data itself.

Hausdorff measure — A scale-sensitive generalization of length, area, and volume that can measure irregular or fractal
sets.

stratum — A manifold-like layer of a space whose local dimension may differ from neighboring layers.

Reading the formulas

Undergraduate formula. A vector space has dimension n exactly when n independent vectors v; through v,
span every vector in the space. Both independence and spanning are required.

Graduate formula. The Hausdorff dimension is the threshold value of s at which the s-dimensional Hausdorff
measure drops to zero. It can be non-integer for irregular sets.

Why the advanced view is useful

Distinguishing ambient from intrinsic dimension supports feature reduction, visualization, anomaly detection,
and sample-size planning. Local dimension changes can also mark regime boundaries or singular operational
states.

Validity boundary

Dimension estimates depend on scale, noise, density, and metric. Reporting one number for a union of regimes

can hide exactly the structure the analysis should explain.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Direct sums and products of sets

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Set theory; state-space modeling ¢ Overview page 1 of 2 e

diagnostic reference2®

No mathematical knowledge required

There are different ways to combine collections. A product records one choice from every collection at the same
time, like one status value for every service. A disjoint sum keeps alternatives together but tags each item with the
collection it came from. In some settings a direct sum instead means that only a limited number of slots may be
active. Diagnostics must say which meaning is intended before using the combined data.

Undergraduate mathematics

For sets, the standard constructions are Cartesian product and disjoint union (coproduct). A direct sum normally
requires algebraic structure or pointed sets: in an indexed family it contains tuples with finite support, while the
direct product permits arbitrary support. For finite families the two may share the same underlying tuples but
differ in universal role. Diagnostic models should therefore avoid saying ‘direct sum of sets’ without defining the
base point or algebraic operation.

[1; 4; = {x: x; € A}
I 4; = {(ia):a € A}
Graduate mathematics

Formula:

In an additive category, finite products and coproducts coincide as biproducts, but infinite direct sums and
products generally differ. Restricted products provide intermediate constructions. We can model a full machine
state as a product of component states, while a sparse event or memory residue may live in a coproduct or finite-
support sum. Universal properties clarify whether the construction means simultaneous constraints, alternatives,
or additive composition, preventing notation from hiding an incorrect independence assumption.

Formula: @;M; = {x € []; M;: |supp(x)| < oo}

g N\ N\ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 19. Three explanatory views of Direct sums and products of sets.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Direct sums and products of sets — terminology and practical value

Concept 19 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Products describe simultaneous state, while coproducts describe tagged alternatives. The graduate distinction
becomes important for infinitely many algebraic components: a product allows infinitely supported state, but a
direct sum records only finitely many active components.

Key terms used above

Cartesian product — The collection of simultaneous coordinate choices, one from every indexed component.
coproduct — A disjoint union that remembers which component each chosen element came from.

direct sum — For algebraic objects, the tuples with only finitely many nonzero coordinates.

support — The set of indices at which a tuple is not the distinguished zero value.

biproduct — In an additive category, a finite construction that is both product and coproduct with compatible algebraic
structure.

Reading the formulas

Undergraduate formula. The product contains every tuple x whose i-th coordinate lies in A;. The coproduct
contains tagged pairs i, a, so identical values from different components remain distinct.

Graduate formula. The direct sum consists of product tuples whose support is finite. In other words, only
finitely many coordinates may differ from zero even when the index family is infinite.

Why the advanced view is useful

The choice clarifies whether a diagnostic object represents a full global snapshot, one tagged alternative, or a
sparse finite residue. It also prevents implicit assumptions of independence or finite activity in the notation.

Related theoretical framing. The Fourth Edition’s memory-dump definitions on pp. 39-40 and 188 explicitly combine component state
spaces and disjoint memory areas, making them the book’s most concrete algebraic constructions. Its ‘direct sum’ language should
nevertheless be read through this guide’s distinction among Cartesian products, tagged coproducts, and algebraic direct sums.

Validity boundary

A ‘direct sum of sets’ has no standard meaning without base points or algebraic operations. The model must
define zero, support, and how components combine.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Divergence

Primary family: Calculus, analysis, and dynamical systems ¢ Secondary lenses: Vector fields; information theory ¢ Overview page 1 of

2 e diagnostic reference?!

No mathematical knowledge required

We can observe requests entering and leaving a service or queue. If more activity leaves a place than enters it, that
place behaves like a source. If more enters than leaves, it behaves like a sink where work collects. Divergence is a
way to describe this local spreading or gathering. It helps diagnostics find fan-out points, blocked queues,
amplification, and places where activity appears to be lost.

Undergraduate mathematics
) . o OF; .
For a vector field F = (Fy, ..., F,), divergence is divF = }}; a—if. The divergence theorem relates total outward flux
L

through a boundary to divergence inside. On a service graph, a discrete analogue compares outgoing and incoming
weighted flow at each node. Persistent positive or negative imbalance may reveal retries, drops, buffering, or
instrumentation gaps, provided edge directions and units are consistent.

n OF
i=1 dx;

Formula: V- F = ),

Graduate mathematics

Divergence is defined relative to a volume form or measure and extends weakly to non-smooth fields. Discrete
exterior calculus and graph incidence operators provide finite analogues; conservation laws separate true sources
from transport. Information-theoretic divergences such as KL divergence are different objects that compare
distributions and are not vector divergence. In diagnostic work, we should name the intended meaning, quantify
sampling error, and account for unobserved boundaries before interpreting imbalance as creation or loss.

Formula: an -FdV=flmF ‘ndS

' 3\ { N[ 3
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 20. Three explanatory views of Divergence.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Divergence — terminology and practical value

Concept 20 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Coordinate derivatives add local outflow rates. The graduate theorem converts that local quantity into a boundary
balance and emphasizes that divergence depends on geometry, measure, and the boundary through which flux is
counted.

Key terms used above

vector field — A vector assigned to every point of a domain, representing a local direction and magnitude of flow.
divergence — The local net rate at which flow expands outward from or contracts into a point.
flux — The amount of a vector field passing through an oriented surface or graph boundary.

volume form and weak divergence — A volume form defines local volume. Weak divergence extends the integration-by-
parts meaning of divergence to fields that lack classical derivatives.

divergence theorem — Under suitable smoothness, orientation, and boundary assumptions, the integral of divergence
inside a region equals its outward boundary flux, converting local source strength into a global conservation check.

Reading the formulas

Undergraduate formula. Divergence is the sum, over all coordinates, of the derivative of the matching field
component F; in direction x;. Positive values indicate local net outflow under the chosen convention.

Graduate formula. The integral of divergence throughout region 2 equals the outward flux of F across its
boundary. The vector n is the outward unit normal and fixes the sign of the boundary contribution.

Why the advanced view is useful

A discrete divergence on a service or resource graph can localize retries, drops, buffering, or missing
instrumentation as flow imbalance. The boundary theorem provides a consistency check between local and
global counts.

Validity boundary

Vector divergence is not KL divergence. Units, edge directions, sampling, and unobserved boundaries must be

controlled before imbalance is interpreted as creation or loss.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dual categories

Primary family: Category theory and higher structures e Secondary lenses: Order duality; reverse analysis ¢ Overview page 1 of 2 e

diagnostic reference??

No mathematical knowledge required

Suppose we take a diagram of boxes and arrows and reverse every arrow. The boxes stay the same, but the story is
read in the opposite direction. The reversed diagram is called the dual category. In diagnostics, the forward view
may follow causes toward a failure, while the reversed view starts with the failure and asks which earlier
explanations could lead to it.

Undergraduate mathematics

Given a category C, its opposite C°P has the same objects. A morphism from A to B in C°P is a morphism from B
to A in C, with composition reversed. Products in C become coproducts in C°P, initial objects become terminal,
and monomorphisms become epimorphisms. A diagnostic dataflow category can thus be read dually as a query or
provenance flow, although reversing arrows does not physically reverse time or make non-invertible computation
recoverable.

Formula: Homeop (4, B) = Home (B, A)
Graduate mathematics

The op construction is involutive up to equality or canonical isomorphism, and categorical theorems often have
formal duals. Presheaves on C are functors C°P — Set, illustrating how observation naturally reverses inclusion. In
diagnostics, dualization can generate legitimate companion patterns and reveal asymmetric assumptions. We need
to consider the semantics of the reversed arrows. A formal dual statement may be true in the model but
operationally meaningless if those arrows have no interpretation as inference, observation, or control.

Formula: (C°P)°P = ¢

s N\ N\ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Read dependencies backwards Reverse every arrow Dualise objects, arrows, and laws
(o Goe

|| ot ot

pass to the opposite category
cause lookup U U U U f op
‘ ‘ . D
read the same relationships in

reverse Identities stay identities; compositions The opposite arrow has the original target as
reverse order. its source.

- 7 \ J J

Figure 21. Three explanatory views of Dual categories.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dual categories — terminology and practical value

Concept 21 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Reversing every arrow converts construction into observation patterns and products into coproducts. Graduate
dualization systematically generates companion theorems, while still requiring an operational interpretation for
each reversed arrow.

Key terms used above

opposite category — A category with the same objects but every arrow reversed and composition correspondingly
reversed.

formal dual — A theorem obtained by reversing all arrows and swapping categorical constructions such as product and
coproduct.

contravariant functor — A structure-preserving translation that reverses the direction of arrows.
presheaf — A contravariant functor, often assigning observations to contexts and restriction maps to inclusions.

involution — An operation that returns to the original object when applied twice, at least up to canonical isomorphism.

Reading the formulas

Undergraduate formula. The maps from A to B in the opposite category are exactly the maps from B to 4 in
the original category. Only arrow direction changes; the objects remain the same.

Graduate formula. Taking the opposite category twice returns a category canonically isomorphic to the starting
category. Reversing direction is therefore involutive at the formal level.

Why the advanced view is useful

Dual categories reveal hidden asymmetries in dataflow, query, provenance, and control models. They can
generate valid companion constructions and show which claims depend only on arrow direction. See also:
Duality; Order duality.

Validity boundary

Formal reversal does not undo a computation or reverse physical time. A dual statement can be

mathematically valid while having no useful software interpretation.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Duality

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Geometry; category theory ¢ Overview page 1 of 2 e

diagnostic reference??

No mathematical knowledge required

Sometimes the same situation becomes clearer when viewed from the opposite side. A signal can be viewed over
time or by its repeating rhythms. A system can be viewed through actions or observations, and evidence as detail
or as tests of a hypothesis. A duality is a precise pairing of such views. In diagnostics, changing view can expose a
pattern hidden in the original presentation.

Undergraduate mathematics

Examples include a finite-dimensional vector space V and its dual VV*, planar graph duality, and Fourier time-
frequency duality. A pairing evaluates one side against the other. We can represent diagnostic events as vectors
while queries or detectors act as linear functionals; a trace and its frequency spectrum are another pair. We then
need to ask what information the transform preserves and how reconstruction works.

Formula: V - V™, v (¢ - ¢(U))
Graduate mathematics

Dualities range from contravariant equivalences of categories to Pontryagin, Stone, Poincaré, and Tannakian
duality. A categorical duality uses explicitly typed contravariant functors D and E whose two composites are
naturally isomorphic to the corresponding identity functors. Some dualities are only pairings or correspondences
with finiteness conditions. A diagnostic ‘dual’ must therefore specify its maps, evaluation, recovery conditions, and
preserved information.

Formula: D:C°P? - D, E:D°? -5 C; EoD° =1, DoEP =1y
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Figure 22. Three explanatory views of Duality.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Duality — terminology and practical value

Concept 22 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary duality turns a vector into something that can be probed by functionals. Graduate dualities relate
entire categories, transferring structure and algorithms between representations while specifying exactly how
recovery works.

Key terms used above

dual space — The space of linear functionals that turn vectors into scalars.
pairing — A rule that evaluates an object from one side against an object from its dual side.

contravariant equivalence — A reversible translation between categories that reverses arrows and preserves structure
up to isomorphism.

evaluation map — The canonical operation that applies a functional to a vector or compares two paired representations.

invariant — A property unchanged by the transformations admitted in the model.

Reading the formulas

Undergraduate formula. A vector v is sent to the functional on the double dual that takes any linear functional
¢ and returns ¢ evaluated at v. In finite dimensions this canonical map is an isomorphism.

Graduate formula. D: C°P - D and E: D°P — C are contravariant quasi-inverses. The composites E o D°P and
D o E°P are naturally isomorphic to the identity functors on C and D, so every application is type-correct.

Why the advanced view is useful

A well-defined dual can turn hard diagnostic operations into easier queries in another representation (time into
frequency, events into detectors, or generators into relations) while preserving chosen invariants. See also:
Dual categories; Order duality.

Validity boundary

Calling two views ‘dual’ is insufficient. The functors or pairing, reconstruction conditions, and information

preserved or lost must be stated.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dynamical systems

Primary family: Calculus, analysis, and dynamical systems ¢ Secondary lenses: Control theory; state-space modeling ¢ Overview page

10of 2 « diagnostic reference?*

No mathematical knowledge required

A system has a current state, and rules or inputs move it to the next state. This changing process is a dynamical
system. A memory dump is one frozen moment, while traces and metrics show parts of the movement. In
diagnostics, we use this view to ask how failure developed, whether the system is settling, and whether a small
disturbance can push it into a different behavior.

Undergraduate mathematics

In discrete time, x;,1 = F(x;, u;); in continuous time, % = f(x,u). Fixed points, periodic orbits, stability, and
basins of attraction describe long-term behavior. Telemetry provides partial observations y, = h(x,) + noise.
Reconstructing state from these observations can explain oscillation, runaway queues, and recovery. Phase
portraits and linearization around equilibria often reveal more than separate metric plots.

Formula: x,,; = T(x,) or x=f(x)
Graduate mathematics

Smooth, stochastic, hybrid, and delay systems require different semantics. Lyapunov exponents quantify
sensitivity, invariant measures describe recurrent statistics, and observability determines whether hidden state is
recoverable. Operational software is usually non-stationary and controlled by discrete events, so hybrid state-
space or switching models may be more faithful than autonomous ODEs. When drawing diagnostic conclusions, we
should separate model dynamics from instrumentation dynamics and account for interventions that change the
governing rule.

Formula: W5(x*) = {x: ¢:(x) » x* as t - oo}

r \ ( \ ( )
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Figure 23. Three explanatory views of Dynamical systems.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Dynamical systems — terminology and practical value

Concept 23 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary models iterate a map or follow a differential equation. Graduate analysis studies stable manifolds,
invariant statistics, hidden-state observability, and hybrid switching when one smooth rule cannot describe the
system.

Key terms used above

state — The information assumed sufficient to determine future evolution once inputs or randomness are specified.
flow — A family of time-indexed maps describing continuous-time evolution from every initial state.

fixed point — A state left unchanged by one update, or an equilibrium with zero continuous-time velocity.

basin of attraction — The initial states whose trajectories converge to the same attractor.

observability — The property that hidden state can, in principle, be reconstructed from the available outputs over time.

Reading the formulas

Undergraduate formula. In discrete time, the next state is T applied to the current state. In continuous time,
the derivative of state equals the vector field f evaluated at that state.

Graduate formula. The stable set of equilibrium x* contains the initial states whose flow ¢, approaches x* as
time tends to infinity.

Why the advanced view is useful

Dynamics exposes equilibria, oscillations, runaway queues, recovery basins, and sensitivity to perturbations. It
combines multiple telemetry streams into a state trajectory rather than analyzing isolated metrics.

Validity boundary

Software is often controlled, delayed, stochastic, and nonstationary. Instrumentation dynamics and
interventions can mimic system dynamics, so model class and observation map must be explicit.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Edge contraction

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Topology; graph reduction ¢ Overview page 1 of 2 e

diagnostic reference?

No mathematical knowledge required

Suppose we choose one line in a network diagram and merge the two points at its ends into a single point. This
operation is called edge contraction. It can simplify a diagnostic graph by turning several low-level calls into one
activity or several tightly coupled services into one subsystem. The overview becomes clearer, but internal timing,
order, and responsibility may be lost.

Undergraduate mathematics

For an edge e = {u, v}, contraction identifies u and v, redirects incident edges to the new vertex, and handles
loops or parallel edges according to the graph model. Repeated contractions produce graph minors. A trace graph
can contract routine transitions or equivalence-linked events to reveal a higher-level causal skeleton. We should
record the quotient map so that anomalies can be expanded back to their original evidence.

Formula: G/e = G/(u ~ v)
Graduate mathematics

Contraction interacts with connectivity, cuts, cycles, treewidth, homology, and graph-minor structure. In simplicial
or topological settings, an edge contraction may preserve homotopy only under additional link conditions. For
diagnostic abstraction, a safe contraction needs an invariant: reachability, causal order, cut capacity, or query
answers to be preserved. Otherwise a visually cleaner graph may invent shortcuts, erase multiplicity, or merge
distinct failure mechanisms.

Formula: 1k(u) N lk(v) = lk(e)
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Figure 24. Three explanatory views of Edge contraction.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Edge contraction — terminology and practical value

Concept 24 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Graph contraction is an information-reducing quotient. The graduate link condition supplies one precise situation
in which contracting an edge of a simplicial complex preserves homotopy type rather than only reducing the size of
the picture.

Key terms used above

contraction — The operation that identifies the endpoints of an edge and redirects their incident edges to the merged
vertex.

quotient map — The record of which original vertices or events are represented by each contracted vertex.
graph minor — A graph obtained by deleting vertices or edges and contracting edges.
link — In a simplicial complex, the faces adjacent to a vertex or edge but disjoint from it.

homotopy preservation — The requirement that contraction not change the space’s essential topological shape.

Reading the formulas

Undergraduate formula. G divided by edge e is formed by identifying its endpoints u and v. The notation u
equivalent to v names the new equivalence imposed by the contraction.

Graduate formula. The vertices and faces adjacent to both u and v must be exactly those adjacent to the edge
e. This link condition prevents the contraction from creating or destroying certain topological features.

Why the advanced view is useful

Safe contraction can reveal a causal skeleton, reduce graph size, and group routine transitions while retaining

reachability or topology. The quotient map allows us to return to the original evidence.

Validity boundary

Unless an invariant is named and tested, contraction may invent shortcuts, erase multiplicity, or merge distinct
failure mechanisms.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Equivalence relation

Primary family: Logic, sets, and foundations e Secondary lenses: Algebra; classification e Overview page 1 of 2 ¢ diagnostic

reference?®

No mathematical knowledge required

Two log messages may have different timestamps and identifiers but share the same message template. For one
investigation, we may decide that these differences do not matter and treat the messages as the same kind. A
consistent rule for deciding when items count as the same is an equivalence relation. The purpose must be stated
because two items can be equivalent for one question and different for another.

Undergraduate mathematics

A relation ~ on X is an equivalence relation when it is reflexive, symmetric, and transitive. It partitions X into
disjoint equivalence classes, and the quotient X/~ contains those classes as new elements. Canonicalizing variable
fields can induce message equivalence; structural isomorphism can induce trace equivalence. Tests for the three
laws prevent unstable grouping, especially when pairwise similarity thresholds fail transitivity.

Formula: x ~x, X~y=>y~Xx, X~y~Z=>X~1Z
Graduate mathematics

Equivalence relations are kernels of maps in Set, congruences when compatible with algebraic operations, and
internal equivalence relations in richer categories. Quotienting is often a coequalizer construction. Writing u - v for
the chosen binary operation, such as trace concatenation, diagnostic equivalence should be a congruence:
concatenating two equivalent subtraces should not produce arbitrarily different classifications if compositional
analysis is intended. Approximate similarity may require tolerance spaces, clustering, or groupoids instead of being
treated as exact equivalence.

Formula: u ~u, v~v su-v~u-v
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Figure 25. Three explanatory views of Equivalence relation.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Equivalence relation — terminology and practical value

Concept 25 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The three elementary laws turn pairwise matching into stable classes. At graduate level, we ask whether the
relation is also a congruence, so replacing an item by an equivalent one cannot unpredictably change later
computations.

Key terms used above

reflexive — Every element is related to itself.

symmetric — Whenever x is related to y, y is related to x.

transitive — Whenever x is related to y and y to z, x is related to z.

equivalence class — The set of all elements related to one representative; the classes partition the original set.

congruence — An equivalence relation respected by the algebraic or compositional operations applied later.

Reading the formulas

Undergraduate formula. The three clauses state reflexivity, symmetry, and transitivity. Together they
guarantee that related elements form disjoint equivalence classes rather than overlapping similarity
neighborhoods.

Graduate formula. If u ~ u" and v ~ v/, compatibility with the binary operation gives u - v ~ u’ - v'. Thus the
operation is well defined on equivalence classes; for diagnostic traces, the operation can be concatenation.

Why the advanced view is useful

Equivalence supports canonicalization, deduplication, trace grouping, and abstraction with a clear rule for what
information is deliberately ignored. A congruence ensures that operations such as trace concatenation remain
well defined after representatives are replaced by equivalent ones. See also: Quotient space.

Diagnostic lineage. Equivalent Messages (p. 121) explicitly requires reflexivity, symmetry, and transitivity to partition messages into
equivalence classes. This directly uses an equivalence relation; compatibility with later trace operations is the additional congruence
question.

Validity boundary

Threshold similarity is commonly nontransitive and therefore not an equivalence relation. It may require
clustering, tolerance relations, or groupoids instead.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Feynman path integral

Primary family: Mathematical physics ¢ Secondary lenses: Probability; variational methods ¢ Overview page 1 of 2 ¢ diagnostic

reference?’

No mathematical knowledge required

Suppose many possible stories connect an initial condition to a failure. A path-integral picture keeps all those
routes, assigns each a contribution, and combines them instead of choosing one immediately. In diagnostics, we
can borrow this as a way to compare competing causal stories as evidence arrives. In physics the contributions are
not ordinary probabilities, so this remains an analogy unless a precise diagnostic model is built.

Undergraduate mathematics

In quantum mechanics, a transition amplitude is formally a sum or integral over paths weighted by exp (@),

where S is the action. Classical paths dominate in a stationary-phase limit. A diagnostic analogue assigns
likelihoods or costs to candidate event sequences and aggregates them, perhaps using a probabilistic graphical
model or dynamic programming. Such positive weights are a statistical construction, not literally the oscillatory
guantum path integral.

Formula: K(b,a) = f;((ab))

Graduate mathematics

D x eiSlxl/n

Path integrals connect Lagrangian and operator formulations, but real-time measures are mathematically delicate;
Euclidean continuation leads toward Wiener-type integrals in favorable cases. Semiclassical expansion, instantons,
and field-theoretic generalizations add structure. For diagnostic use, we can borrow the ensemble and variational
intuition while replacing quantum amplitudes with well-defined posterior weights, energies, or large-deviation
actions. Interference has no direct operational meaning unless a signed or complex evidence calculus is explicitly
justified.

Formula: 6S[xq] =0
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Figure 26. Three explanatory views of Feynman path integral.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Feynman path integral — terminology and practical value

Concept 26 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The elementary expression sums weighted candidate paths. Graduate analysis distinguishes a formal real-time
oscillatory integral from mathematically controlled Euclidean or probabilistic constructions and explains why
classical paths emerge from stationary phase.

Key terms used above

action — A number assigned to an entire path, usually obtained by integrating a Lagrangian over time.
amplitude — A generally complex quantity whose squared magnitude contributes to a quantum probability.
Planck constant — The physical scale h controlling quantum phase oscillation and the semiclassical limit.

stationary phase — The principle that rapidly oscillating contributions cancel except near paths where the action has
zero first variation.

Euclidean continuation — A change from real to imaginary time that can turn oscillatory weights into decaying,
probability-like weights.

Reading the formulas

Undergraduate formula. The transition amplitude from a to b is written as an integral over every path joining
those endpoints. Each path contributes the complex phase exponential of i times its action divided by .

Graduate formula. The first variation of the action vanishes at the classical path. This is a path-space analogue
of setting an ordinary derivative to zero at a stationary point.

Why the advanced view is useful

We can transfer ensemble reasoning to diagnostics by scoring complete candidate histories, aggregating their
contributions, and comparing global explanations rather than choosing one path prematurely. Dynamic
programming and posterior inference can implement nonquantum versions.

Validity boundary

Positive likelihoods are not quantum amplitudes, and real-time path integrals are mathematically delicate.

Interference should not be claimed without an explicitly justified signed or complex evidence calculus.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Fiber bundles

Primary family: Geometry and topology e Secondary lenses: Differential geometry; contextual data e Overview page 1 of 2 e

diagnostic reference?®

No mathematical knowledge required

Consider a journey where every stop carries a similar backpack of extra information. The route is the base, and the
backpack at each stop is the fiber. All backpacks together form a fiber bundle. In diagnostics, the route might be
event time or a sequence of activities, while each attached bundle contains thread, component, payload, and state
details. This separates where something happened from its local context.

Undergraduate mathematics

A fiber bundle is a map m: E = B with fiber F such that every base neighborhood U has a local trivialization
n~1(U) = U X F. A trace can use B as time or activity and the fiber as per-event context. Transition functions
describe how local coordinate descriptions agree on overlaps. A nontrivial bundle models context that cannot be
globally aligned by one identifier scheme.

Formula: = 2(U) =2 U X F
Graduate mathematics

Bundles are classified using structure groups, cocycles, and characteristic classes; connections describe horizontal
transport and curvature measures path-dependent twisting. Principal and associated bundles organize symmetry
and representation data. In diagnostics, transporting a context or identity across services resembles parallel
transport, and inconsistency around a loop resembles holonomy. For a faithful application, we must define local
trivializations and transition maps. Attaching metadata to events alone gives a family, which is not necessarily a
bundle.

Formula: 9ijgjx = gik ON U[ n Uj n Uk
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Figure 27. Three explanatory views of Fiber bundles.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Fiber bundles — terminology and practical value

Concept 27 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A bundle looks like a product only locally. Graduate structure records how local coordinate systems are glued, how
context is transported, and whether a round trip returns with a twist.

Key terms used above

base, total space, and fiber — The base indexes contexts, the total space contains context-plus-local-state pairs, and
each fiber lies above one base point.

local trivialization — A coordinate description making the bundle look locally like a simple product of base and fiber.

transition function — The change of fiber coordinates between two overlapping local trivializations.

cocycle condition — The agreement rule for composing transition functions on triple overlaps.

connection and holonomy — A connection defines transport between fibers; holonomy records the net change after
transport around a loop.

Reading the formulas

Undergraduate formula. Above every sufficiently small base neighborhood U, the total space is equivalent to
U times the typical fiber F. The equivalence must respect projection back to U.

Graduate formula. On a triple overlap, changing coordinates from chart k to j and then j to i must equal
changing directly from k to i. This cocycle rule makes local descriptions globally consistent.

Why the advanced view is useful

Bundles model context that varies over time, service, or configuration yet can be locally compared. Holonomy

can reveal identity or schema drift accumulated around a multi-service loop.

Diagnostic lineage. The Fiber Bundle pattern takes a base trace and attaches stack traces, 1/0 stacks, or other per-message
traces as fibers. This is a strong structural analogy, but local triviality and transition maps still need verification for a literal
bundle.

Validity boundary

Attaching metadata to each event produces a family, not automatically a bundle. Local product structure,
compatible transition maps, and a stable fiber type must be demonstrated.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Fibrations

Primary family: Geometry and topology e Secondary lenses: Algebraic topology; category theory ¢ Overview page 1 of 2

diagnostic reference??

No mathematical knowledge required

Suppose we have a high-level incident story with several possible detailed stories underneath it. As we follow a
step in the high-level story, the detailed story must be able to follow in a compatible way. A fibration is a
framework that guarantees this kind of matching. In diagnostics, it links business activities to low-level states
without claiming that one high-level step determines every detail uniquely.

Undergraduate mathematics

A Hurewicz or Serre fibration p: E — B has a homotopy-lifting property: deformations of base paths can be lifted
after an initial lift is chosen. Fiber bundles are fibrations under common conditions, but fibrations are more
flexible. In a diagnostic model, a projected activity trace can have a fiber of compatible detailed traces; path lifting
asks whether an edited or counterfactual activity history admits a coherent detailed realization.

Formula: po H=H, H(-,0)=h,
Graduate mathematics

Fibrations yield long exact sequences of homotopy groups and support fiberwise reasoning. Grothendieck
fibrations provide a categorical counterpart in which morphisms in the base have cartesian lifts, formalizing
indexed categories and reindexing. This can be useful in diagnostics with context-dependent evidence schemas.
We must state whether the intended notion is topological or categorical and verify the corresponding lifting
property; a generic many-to-one projection is not automatically a fibration.

Formula: -+ = 7, (F) = m,(E) - 7,(B) = m_1(F) > -+
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Figure 28. Three explanatory views of Fibrations.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Fibrations — terminology and practical value

Concept 28 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A many-to-one projection merely hides detail. A fibration adds a lifting guarantee: controlled changes to the coarse
view can be realized consistently at the detailed level. Graduate exact sequences then relate global and fiberwise
topology.

Key terms used above

fiber — The collection of detailed states that project to one chosen base state.
homotopy lifting — The ability to lift a continuously changing base path after choosing a compatible starting lift.

long exact sequence — A chain of homotopy-group maps whose kernels and images match, relating fiber, total space,
and base.

cartesian lift — In a categorical fibration, a best reindexing arrow above a given arrow in the base.

Grothendieck fibration — A categorical structure organizing context-dependent collections and their reindexing along
base morphisms.

Reading the formulas

Undergraduate formula. The lifted deformation H projects back to the requested base deformation H and
begins at the already chosen lift EO. Both conditions are required by homotopy lifting.

Graduate formula. The long exact sequence connects homotopy groups of fiber F, total space E, and base B.
Exactness means the elements lost by each map are exactly those produced by the preceding map.

Why the advanced view is useful

In counterfactual diagnostics, we can use this to ask whether a coherent low-level trace still exists after editing
an activity-level history. Categorical fibrations also formalize reindexing evidence schemas across contexts.

Validity boundary

A generic projection or grouping is not a fibration. The intended topological or categorical lifting property must

be named and verified.
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Fixed points

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Order theory; program semantics e Overview page 1 of

2 e diagnostic reference3®

No mathematical knowledge required

Suppose we repeat a process until the result stops changing. The unchanged result is a fixed point. An analysis may
repeatedly spread known facts through a dependency graph until no new fact appears. A running system may also
settle into a stable condition. Not every fixed point is good: a deadlock or self-sustaining failure can remain
unchanged until something outside the process intervenes.

Undergraduate mathematics

Foramap T:X — X, x* is fixed when T(x*) = x*. Iteration x,,.; = T(x,,) may converge when T is a contraction;
the Banach fixed-point theorem gives existence, uniqueness, and a rate. Monotone dataflow analysis often
computes least fixed points on lattices. Diagnostic state reconciliation, dependency propagation, and
counterfactual repair can be studied by whether iteration converges and which basin contains the observed state.
Formula: T(x*) = x*
Graduate mathematics
Fixed-point theorems depend on different structures: the Banach fixed-point theorem uses metric contraction, the
Brouwer fixed-point theorem uses compact convex topology, and the Knaster—Tarski fixed-point theorem uses
complete lattices and monotonicity. Denotational semantics represents recursion by least fixed points, while
coinduction uses greatest ones. A diagnostic model must choose the relevant order or topology. Convergence of
an implementation does not prove semantic correctness, and multiple fixed points may encode distinct stable
regimes or path-dependent outcomes.

n
Formula: d(x,, x*) < 1q__q d(xq,x0)

g \ ( Y ( )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Repeat until the view stops changing Iteration approaches a fixed point Three fixed-point theorems
raw alerts v iteration converges y =X
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— [ ] [ compact convex ] [ complte e ]
I:l /,”‘ [ unique ] [ exists ] [Isastlgrealesl]
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repeat until nothing changes The cobweb alternates between the function different hypotheses support different
and the diagonal. existence and uniqueness claims
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Figure 29. Three explanatory views of Fixed points.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Fixed points — terminology and practical value

Concept 29 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A fixed point is simply a state unchanged by an update. Graduate fixed-point theorems explain existence or
convergence from different structures (distance, convex topology, or order), and these hypotheses lead to
different conclusions.

Key terms used above

iteration — Repeatedly applying the same update map, using each output as the next input.

contraction and complete metric space — A contraction shrinks every pairwise distance by one common factor below
one. A complete metric space contains the limits of all sequences whose terms eventually become arbitrarily close.

Banach, Brouwer, and Knaster—Tarski fixed-point theorems — Banach gives a unique fixed point and convergent
iteration for a contraction on a complete metric space; Brouwer gives existence for a continuous self-map of a
nonempty compact convex finite-dimensional set; Knaster—Tarski makes the fixed points of a monotone self-map of a
complete lattice a complete lattice.

least fixed point — The smallest fixed point in a chosen order, often used to give meaning to recursive definitions.

basin — The initial states whose iterations converge to a particular fixed point or attractor.

Reading the formulas

Undergraduate formula. The map T leaves x* unchanged. This equation defines a fixed point but, by itself, says
nothing about whether it exists uniquely or whether iteration will find it.

Graduate formula. For a contraction factor g between zero and one, the distance from the n-th iterate to the
fixed point is bounded by g to the n divided by one minus g, times the first-step distance. The bound gives a
computable convergence rate.

Why the advanced view is useful

Fixed points describe stable reconciled states, recursive dataflow results, and equilibria of dependency
propagation. Convergence bounds can turn an iterative diagnostic algorithm into a process with a justified

stopping rule.

Validity boundary

Different theorems require different hypotheses. A convergent implementation need not compute the
intended semantic fixed point, and multiple stable regimes may make the outcome path-dependent.
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Flag, filtration

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Topology; multiscale analysis ¢ Overview page 1 of 2 e

diagnostic reference3!

No mathematical knowledge required

Suppose we open nested folders of evidence. The first contains only the most important events, the next adds
related context, and later folders add background detail. Such a growing sequence of layers is a filtration. A flag is a
finite ladder of nested layers. In diagnostics, the ladder shows exactly when a pattern, suspected component, or
explanation first becomes visible.
Undergraduate mathematics
A filtration is an increasing or decreasing family F; with F; € F;,;, often compatible with operations. A flag is a
chainsuchas 0 c V; c --- c V,, = V. Thresholding an event graph by severity, time, or confidence creates a
filtration. Persistent features across levels are more trustworthy than those appearing in only one narrow
threshold; a complete flag additionally orders one-dimensional increments.

Formula: 0 =Fy,Cc F, C - CF, =V
Graduate mathematics

Filtered complexes yield spectral sequences and persistent homology; associated graded objects isolate successive
layers F;/F;_;. Flags form flag varieties and encode parabolic structure. For diagnostics, we can use a filtration to
organize evidence by resolution, confidence, or causal depth, while the associated graded view separates marginal
contributions. The filtration parameter must be monotone and meaningful: arbitrary severity bins can
manufacture persistence, and incompatible operations can invalidate algebraic conclusions.

griF = Fi/Fi_q

Formula: EPA = HP+a
s D\ 6 \ [ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Two ways to organise successive
Reveal nested evidence stages
persience et
traces N D D D
L1010
HIEN
—
birth to death successive pages
o ; nested stages and successive . .
reveal evidence in nested layers guotients Persistence intervals and spectral-sequence
pages track different data.
§ J U J \ J

Figure 30. Three explanatory views of Flag, filtration.
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Flag, filtration — terminology and practical value

Concept 30 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A filtration organizes nested evidence; a flag is a particularly fine finite chain. Graduate constructions compare
successive layers through quotients and use spectral sequences or persistent homology to assemble local layer
information into global invariants.

Key terms used above

filtration — A nested family of spaces or objects ordered by threshold, resolution, time, or another monotone
parameter.

flag — A finite, strictly nested chain of subspaces, often increasing one dimension at a time when complete.
associated graded object — The collection of successive quotients that isolates what is added at each filtration level.

spectral sequence — A sequence of algebraic approximations whose later pages progressively organize information
about a target invariant.

persistence — The lifespan of a feature as the filtration parameter changes.

Reading the formulas

Undergraduate formula. The inclusions say that every level F; is contained in the next, beginning at the zero
subspace and ending at all of V. No evidence disappears as this filtration grows.

Graduate formula. The associated graded layer i is the new information in F; after everything already present
in F;_, is collapsed. The spectral-sequence notation says successive pages E, organize data converging toward
total degree p plus q.

Why the advanced view is useful

Threshold filtrations show whether an anomaly, cluster, or hole persists across confidence or scale. Associated
layers also separate marginal evidence added by each diagnostic resolution.

Validity boundary

The parameter must be monotone and operationally meaningful. Arbitrary bins can manufacture apparent

persistence, and incompatible merge operations can invalidate the algebraic interpretation.
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Foliation

Primary family: Geometry and topology ¢ Secondary lenses: Dynamical systems; stratified data e Overview page 1 of 2 ¢ diagnostic

reference3?

No mathematical knowledge required

Consider a book whose pages do not cross. Each page is a complete layer, and all pages together fill the book. A
foliation divides a space into layers of this kind. Diagnostic runs can be separated into layers by tenant, workload,
configuration, or another condition. Studying one layer avoids mixing unlike behaviors; comparing layers shows
how behavior changes when the condition changes.

Undergraduate mathematics

A p-dimensional foliation of an n-manifold locally looks like parallel p-dimensional slices, with coordinate changes
preserving the slicing. Leaves are maximal connected injectively immersed submanifolds tangent to an integrable
distribution. Inside one chart, a returning leaf may appear in several connected local pieces, called plaques; each
plaque has one fixed transverse coordinate. A diagnostic state space may be foliated by an invariant such as
deployment version; trajectories stay on a leaf until an event changes that invariant.

Formula: VplaqueP S UNL 3Ic e R"P: ¢(P)=¢pU) N (RP x {c})
Graduate mathematics

Frobenius’ theorem characterizes integrable distributions by closure under Lie brackets. Holonomy records how
transverse structure changes around loops, and singular foliations allow leaf dimension to vary. For diagnostics, we
can use foliation to formalize families of operational trajectories and distinguish longitudinal anomalies from
transitions across regimes. Real data may instead form clusters or strata with intersections; calling them leaves
requires evidence of local product structure and integrability, rather than visual banding alone.

Formula: D c TM smooth of constant rank = (D integrable © VX,Y € I'(D): [X,Y] € F(D))
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Figure 31. Three explanatory views of Foliation.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Foliation — terminology and practical value

Concept 31 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Local parallel slices become a foliation only when their tangent distribution is integrable. Graduate theory uses the
Lie-bracket test and holonomy to study whether local within-regime directions assemble consistently around
loops.

Key terms used above

leaf — A maximal connected injectively immersed submanifold whose tangent spaces are the foliation directions.
distribution — A smoothly varying choice of tangent subspace at every point.

Frobenius theorem — For a smooth constant-rank distribution, integrability—its tangent directions fitting together into
leaves—is equivalent to closure under Lie brackets.

Lie bracket — An operation measuring the failure of two vector-field flows to commute infinitesimally.

holonomy — The net transverse change obtained by following a loop inside a leaf.

Reading the formulas

Undergraduate formula. For a foliation chart ¢p: U - RP X R""P, each plaque P—one connected local piece of
a leaf in U—is sent to the part of ¢(U) at one fixed transverse value c. A returning leaf may contribute several
plaques with different values of c.

Graduate formula. The antecedent records that D is a smooth constant-rank distribution in TM. It is integrable
exactly when the Lie bracket of every two vector fields taking values in D also takes values in D. This is the
general Frobenius condition.

Why the advanced view is useful

A foliation can separate motion within an operational regime from motion across regimes. It supports different

anomaly measures along stable leaves and transverse to version, tenant, or invariant changes.

Validity boundary

Visual bands or clusters are not automatically leaves. Local product structure, smooth tangent directions, and

integrability may fail at switches, intersections, or singular states.
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Fourier series

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Harmonic analysis; signal processing ¢ Overview page 1

of 2 « diagnostic reference33

No mathematical knowledge required

A complicated repeating signal can be rebuilt by adding simple waves with different speeds and strengths. This
breakdown is called a Fourier series. A metric may contain a daily load cycle, a five-minute retry cycle, and a fast
polling rhythm at the same time. Separating them helps diagnostics identify a new scheduled job, lost
synchronization, throttling, or a rhythm that is slowly drifting.

Undergraduate mathematics

For a periodic function, real Fourier coefficients are projections onto cos(nx) and sin(nx), and partial sums
approximate the function under standard conditions. The discrete Fourier transform applies to sampled telemetry.
Power spectra identify dominant periods and phase relations. Windowing, leakage, aliasing, trend removal, and
irregular sampling must be handled before interpreting peaks; a period in the data is not by itself a causal
mechanism.

Formula: f(x) ~ % + Y51 (aycosnx + by, sinnx)
Graduate mathematics
Fourier series form an orthogonal expansion in L?(—m, ). In the displayed convention, squared size means

(1/m) f_nnlf(x)l2 dx; orthogonality then yields the stated Parseval identity. Convergence depends on regularity

and summability. For diagnostics, short-time Fourier and wavelet methods handle nonstationary rhythms, while
event sequences may require point-process spectra rather than interpolation onto a misleading regular grid.

la

1 2 .
Formula: ;f_”ﬂlf(x)l2 dx = ;l + 2% (lay|? + b, 1)

r \ ( \ ( )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 32. Three explanatory views of Fourier series.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Fourier series — terminology and practical value

Concept 32 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary Fourier series decomposes a periodic waveform into sines and cosines. Graduate analysis places the
expansion in the Hilbert space of square-integrable functions, where orthogonality yields convergence and energy
identities.

Key terms used above

Fourier coefficient — The strength and phase of a sinusoidal basis component in a periodic signal.

orthogonal expansion — A representation in mutually perpendicular basis functions, allowing component energies to
separate cleanly.

power spectrum — The distribution of squared signal magnitude across frequencies.

aliasing — A sampling error in which a high frequency appears as a different lower frequency.

Parseval identity — With the displayed real-series convention, (1/7) f_”ﬂlf(x)l2 dx equals |ay|?/2 plus the sum of
la, |? + |b,|?. It states exactly which normalization preserves total signal energy.

Reading the formulas

Undergraduate formula. The function is represented by a constant term plus cosine and sine components at
every positive integer frequency. The coefficients a,, and b,, state how strongly each component contributes.

Graduate formula. The left side explicitly defines the squared size as (1/m) ffnlf(x)l2 dx. Under this

convention it equals |ay|?/2 plus the sum of the squared cosine and sine coefficients, so no unstated

normalization remains.

Why the advanced view is useful

Spectra expose recurring load cycles, retry rhythms, clock artifacts, and phase relations across components.
Time-frequency variants show when those rhythms appear and disappear.

Diagnostic lineage. Fourier Activity begins with recurring message frequencies and links frequency changes with timing and
timeout behavior. It is structurally frequency-oriented, although the source does not itself establish a full Fourier expansion.

Validity boundary

Windowing, leakage, trends, irregular sampling, and aliasing can create apparently convincing but false peaks.
A period is a pattern, not a causal explanation.
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Functor

Primary family: Category theory and higher structures e Secondary lenses: Structure-preserving transformation e Overview page 1 of

2 e diagnostic reference3*

No mathematical knowledge required

Suppose raw events are translated into higher-level activities. A two-step event path should still become the
matching two-step activity path, rather than an unrelated result. A functor is a translation that preserves this
connection between things and the steps joining them. In diagnostics, it gives a clear rule for moving between
evidence views without breaking the order in which operations combine.

Undergraduate mathematics

A covariant functor F: C — D maps objects and morphisms with F(idy) = idpx and F(g o f) = F(g) o F(f).
Contravariant functors reverse arrows. Parsers, abstractions, graph constructions, and feature extraction can be
functorial when they preserve the chosen structure. Functoriality makes multi-stage diagnostic processing
predictable and lets results be compared across systems rather than tied to one representation.

Formula: F(14) = 1p), F(gof)=F(g) o F(f)
Graduate mathematics

Functors transport diagrams, and their preservation of limits, colimits, monoidal products, or enriched structure
yields stronger guarantees. Adjunctions, monads, derived functors, and fibrations build on this foundation. A
diagnostic transformation is not automatically a functor: dropped events may break identities, correlation may fail
to preserve composition, and approximate matching may need lax or probabilistic functors. By stating the category
and preservation law, we make the claim of ‘structure-preserving’ testable.

Formula: F(limD) - lim(F o D)
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Figure 33. Three explanatory views of Functor.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Functor — terminology and practical value

Concept 33 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A functor first preserves identities and composition. At graduate level, we ask which larger constructions it
preserves (limits, products, enrichment) and how to weaken preservation coherently when diagnostic
transformations are approximate.

Key terms used above

covariant — Preserving arrow direction while translating objects and morphisms between categories.
contravariant — Reversing arrow direction while still preserving identities and composition in the reversed sense.
diagram — A structured family of objects and composable arrows inside a category.

limit preservation — The property that translating a limiting construction gives a limit of the translated diagram.

lax functor — A weakened functor whose composition and identity laws hold through specified comparison maps rather

than strict equality.

Reading the formulas

after f to the composite of F of g after F of f.

translated diagram. F preserves that limit when this comparison is an isomorphism.

Why the advanced view is useful

structurally. Stronger preservation claims show which joins, products, or summaries survive translation.

Validity boundary

Undergraduate formula. F sends every identity arrow on A to the identity on F of A, and sends a composite g

Graduate formula. There is a canonical comparison map from F applied to the limit of D into the limit of the

Functoriality makes multi-stage parsing and abstraction predictable: equivalent routes through a pipeline agree

Feature extraction, dropped events, and approximate correlation can break functor laws. The source and target

categories and exact preservation law must be defined before using the term.
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Fuzzy sets

Primary family: Uncertainty, approximation, and measurement e Secondary lenses: Logic; classification ¢ Overview page 1 of 2 e

diagnostic reference3>

No mathematical knowledge required

Many descriptions are not simply yes or no. A thread can be slightly active, moderately active, or highly active. A
fuzzy set allows each item to belong by a stated degree instead of placing it completely inside or outside. In
diagnostics, this can represent phrases such as slow, near failure, or unusually busy, provided the rule for assigning
each degree is made clear.

Undergraduate mathematics

A fuzzy set A on X is described by a membership function u,: X — [0,1]. Fuzzy union, intersection, and implication
depend on chosen t-conorms, t-norms, and logical operators. Diagnostic rules such as ‘high latency AND rising
errors’ can produce a graded alert score. Membership is not the probability that an item belongs; it quantifies
compatibility with a vague predicate whose calibration must be documented.

Formula: py: X - [0,1]
Graduate mathematics

Fuzzy logic supports residuated lattices, possibility theory, fuzzy measures, and type-2 sets whose membership
grades are themselves uncertain. Rule systems can be interpretable, but aggregation and defuzzification choices
affect results. For diagnostics, fuzzy predicates are useful for linguistic operational concepts and smooth alert
boundaries. They should be validated against outcomes and kept distinct from aleatory probability, epistemic
confidence, and statistical posterior uncertainty.

Ag = {xip(x) = a}

Formula:
ta(x) = sup{a:x € Ag}
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Figure 34. Three explanatory views of Fuzzy sets.
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Fuzzy sets — terminology and practical value

Concept 34 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A membership function replaces a sharp boundary with graded compatibility. Graduate fuzzy logic studies the
algebra of combining those grades, reconstructing membership from a-cuts, and representing uncertainty about
the grades themselves.

Key terms used above

membership function — A calibrated grade from zero to one expressing compatibility with a vague predicate.
t-norm — An operation combining fuzzy conjunctions, such as graded versions of AND.

a-cut — The ordinary set of elements whose membership grade is at least a chosen threshold «.
defuzzification — The rule that converts a fuzzy output into one representative crisp value or decision.

type-2 fuzzy set — A fuzzy set whose membership grades are themselves uncertain rather than exact numbers.

Reading the formulas

Undergraduate formula. p, assigns each element of X a number from zero to one. The number measures
membership grade in fuzzy set A, not the probability that a hidden crisp label is true.

Graduate formula. The a-cut contains elements with grade at least a. Conversely, an element’s membership
grade is the highest threshold whose a-cut still contains it, so the nested cuts determine the fuzzy set.

Why the advanced view is useful

Fuzzy rules model operational language such as ‘high latency’ or ‘rapidly rising errors” with smooth boundaries
and interpretable rule combinations.

Diagnostic lineage. Case Messages assigns a graded membership value to uncertain diagnostic relevance and explicitly
contrasts that with the crisp Message Set pattern. This is a direct operational use of fuzzy-set membership.

Validity boundary

Membership, probability, confidence, and frequency are different quantities. Choice of t-norm, calibration,
aggregation, and defuzzification can materially change an alert.
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Galois connections

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Category theory; abstract interpretation ¢ Overview page 1 of

2 e diagnostic reference3®

No mathematical knowledge required

Suppose we have two matched rules. One turns detailed events into a summary. The other turns a summary into
all detailed situations that are safely compatible with it. A Galois connection is a guarantee that these two
directions fit together in the best possible way. In diagnostics, it prevents a summarizer and an interpretation rule
from silently disagreeing about what the summary means.
Undergraduate mathematics
For posets P and Q, monotone maps f: P = Q and g: Q — P form a Galois connection when f(p) < q exactly
when p < g(g). One composite is a closure operator and the other an interior operator. Abstract interpretation
uses this pattern to relate concrete and abstract program states. Diagnostic abstraction can similarly guarantee
that an alert class safely over-approximates the evidence it represents.

Formula: F(p) <q e p <G(q)
Graduate mathematics
Adjunctions between thin categories are precisely Galois connections. The induced closure systems, concept
lattices, and fixpoints support formal concept analysis and sound static analysis. For diagnostics, we can use the
relation to organize queries, evidence, and explanations with provable best approximations. Soundness may
require over-approximation, which increases false positives; completeness may be impossible. The order must
encode information or precision explicitly, otherwise ‘best’ has no mathematical meaning.

Formula: p < GF(p), GF(GF(p)) = GF(p)
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Figure 35. Three explanatory views of Galois connections.
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Galois connections — terminology and practical value

Concept 35 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The defining equivalence makes F and G the best order-compatible translations in opposite directions. Graduate
theory recognizes this as an adjunction between thin categories and extracts closure systems and fixpoints.

Key terms used above

poset — A set equipped with a reflexive, antisymmetric, and transitive order.
monotone map — A map that preserves order: increasing the input cannot decrease the output in the chosen order.

closure operator — A monotone, extensive, and idempotent operation that adds all consequences implied by an
element.

interior operator — A monotone, reductive, and idempotent operation that keeps the largest safely contained part.

abstract interpretation — A theory relating concrete program states to ordered abstractions through sound
approximations.

Reading the formulas

Undergraduate formula. F of p lies below q exactly when p lies below G of q. Each side provides the same test
in a different ordered representation.

Graduate formula. Every p lies below GF of p, so the composite safely expands information. Applying GF twice
changes nothing beyond applying it once; this is idempotence of the induced closure.

Why the advanced view is useful

Galois connections give provably best abstractions for alerts, queries, and evidence classes. The choice of safe

over-approximation also makes the tradeoff involving false positives explicit. See also: Adjoints.

Diagnostic lineage. Galois Trace names a paired search that moves through two traces in opposite temporal directions. That
operational symmetry is a heuristic metaphor, not evidence that monotone maps satisfy the defining Galois equivalence.

Validity boundary

The order must explicitly mean information, precision, or implication. Without that semantics, ‘best
approximation’ is only a verbal claim.
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Graphs

Primary family: Graphs, combinatorics, and order e Secondary lenses: Networks; relational data ¢ Overview page 1 of 2 e diagnostic

reference3’

No mathematical knowledge required

A graph is a picture of points joined by lines. The points may be services, threads, events, objects, or symptoms.
The lines may show calls, waits, references, possible causes, or similarity. By showing relationships rather than
isolated values, a graph makes hubs, cycles, disconnected regions, bottlenecks, and unusual paths much easier to
notice.

Undergraduate mathematics

A graph G = (V, E) may be directed, weighted, labeled, or allow parallel edges. Paths, connected components,
degrees, cycles, cuts, and centrality capture different structural properties. A wait-for graph reveals deadlock
cycles; an object-reference graph reveals retention paths; a causal event graph reveals critical chains. The edge
meaning must remain uniform enough that graph algorithms answer the intended question.

Formula: Y,ep deg (v) = 2|E]|
Graduate mathematics

Graph models include multigraphs, hypergraphs, temporal graphs, attributed property graphs, and probabilistic

graphical models, each with different semantics. Spectral, topological, and category-theoretic methods expose

global structure, while graph neural networks learn representations. In diagnostics, missing or uncertain edges are

often more consequential than missing node features. We should therefore represent provenance, time,

multiplicity, and observation confidence explicitly rather than reduce them to one static adjacency matrix.
Formula: L=D—A, By =IE|l—-|V|+¢c
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Incident relationship map A temporal attributed graph

weights, attributes, and confidence evolve

time 1 time 2 time 3
weight 0.7 = 0.10 weight 0.8 = 0.05 weight 0.9 = 0.00
relationships malge_the incident paths, cycles, cuts, and advanced graph structure is more than
shape visible components o IR e
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Figure 36. Three explanatory views of Graphs.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Graphs — terminology and practical value

Concept 36 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary graph analysis studies paths, degrees, cycles, and cuts. Graduate approaches add spectral, topological,
temporal, probabilistic, and learned structure, but each depends on the meaning assigned to an edge.

Key terms used above

vertex and edge — Vertices represent entities or events; edges represent one consistently defined relationship between
them.

degree — The number or total weight of edges incident to a vertex, separated into in- and out-degree for directed
graphs.

graph Laplacian — The matrix degree minus adjacency, whose spectrum reflects connectivity and diffusion structure.

cycle rank — The number of independent cycles, equal to edges minus vertices plus connected components for a finite
undirected graph.

provenance — Evidence recording where a node or edge came from and how confidently it was inferred.

Reading the formulas
Undergraduate formula. The sum of all vertex degrees equals twice the number of edges because each
undirected edge contributes once at each of its two endpoints.

Graduate formula. The graph Laplacian L is degree matrix D minus adjacency matrix A. The first Betti number,
or independent cycle count, is the number of edges minus vertices plus connected components c.

Why the advanced view is useful
Wait-for cycles, retention paths, causal chains, cuts, and spectral clusters answer different diagnostic questions
in one flexible representation. Graph structure often exposes relationships invisible in flat tables.

Related theoretical framing. The Fourth Edition’s ‘Software Diagnostic Space as a General Graph of Software Narratives’ (pp. 258-262)
supplies a substantive multigraph model: diagnostic entities or narratives contribute vertices; relationships or artifacts contribute
edges; snapshots may appear as loops; and disconnected components are permitted. Edge semantics must still be fixed for formal
graph analysis.

Validity boundary

Flattening time, direction, multiplicity, or confidence into one adjacency matrix can make a correct graph
algorithm answer the wrong operational question.
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Hasse diagrams

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Order theory; causal analysis ¢ Overview page 1 of 2 e

diagnostic reference®

No mathematical knowledge required

Suppose several items have a clear order, such as tasks that must happen before other tasks. Drawing every
implied connection would create a cluttered web. A Hasse diagram draws only the immediate steps; longer
connections are understood by following a chain. In diagnostics, this can show direct causal precedence or stages
of evidence refinement without repeating links that are already implied.

Undergraduate mathematics

For a finite poset, a Hasse diagram represents the cover relation: x is connected upward to y when x < y and no z
lies strictly between them. Reflexive loops, arrowheads, and transitive edges are omitted by convention. In a
happens-before poset, the diagram shows immediate dependencies. Maximal chains indicate serial critical paths,
while antichains indicate sets of mutually incomparable or concurrent events.

Formula: x <y & x <y and no z satisfiesx <z <y
Graduate mathematics

A Hasse diagram is a visualization of a poset’s transitive reduction, unique for finite DAGs. Order dimension,
Mobius functions, lattices, and incidence algebras can be derived from the underlying order, not from drawing
coordinates. In diagnostic diagrams, we should preserve edge orientation or vertical order unambiguously. If
causality is uncertain or cyclic, a poset may be inappropriate; confidence-labeled DAGs, preorders, or strongly
connected-component quotients may be needed first.

Formula: Yyc <y it (X,2) = 8y,

r \ \ ( 3
NO MATH REQUIRED UNDERGRADUATE GRADUATE

Incidence algebra from a Hasse

Only imr @ diagram
/ ‘\ zeta / incidence matrix Mébius inverse

VAN
®© 6 0 0

show only immediate ordering steps cover relations form the diagram the graduate object is a matrix and
its convolution inverse

- J U J U J

Figure 37. Three explanatory views of Hasse diagrams.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Hasse diagrams — terminology and practical value

Concept 37 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A Hasse diagram suppresses reflexive and transitively implied edges, showing only immediate order. Graduate
incidence algebra then performs convolution and inversion directly on the underlying intervals, independent of
drawing coordinates.

Key terms used above

cover relation — The immediate order relation x below y with no third element strictly between them.

transitive reduction — The smallest edge set having the same reachability relation as the original finite acyclic graph.
chain — A subset in which every pair is comparable.

antichain — A subset in which no two distinct elements are comparable.

Mobius function — An order-theoretic inverse used to recover local contributions from cumulative sums over intervals.

Reading the formulas

Undergraduate formula. x is covered by y when x is strictly below y and no z lies strictly between them. That
condition determines which edges appear in the Hasse diagram.

Graduate formula. For an interval from x to y, the sum of M&bius values from x to every intermediate z is one
when x equals y and zero otherwise. This recursively defines the inverse of cumulative order summation.

Why the advanced view is useful

Immediate dependency diagrams expose critical chains and concurrent antichains without clutter from
redundant transitive edges. Mobius inversion can separate incremental from cumulative counts on dependency

hierarchies.

Diagnostic lineage. Causal History uses an inverted Hasse-style display of possible causes. It becomes a genuine Hasse diagram
only after the relation is shown to be a partial order and transitive edges are omitted.

Validity boundary

The drawing presumes a genuine partial order. Cycles, uncertain causality, or ambiguous vertical orientation
may require a preorder, confidence-labeled DAG, or strongly connected-component quotient first.
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Homotopy

Primary family: Geometry and topology e Secondary lenses: Algebraic topology; sequence comparison ¢ Overview page 1 of 2 e

diagnostic reference3®

No mathematical knowledge required

Suppose we draw two routes on a rubber sheet. If one route can be smoothly bent into the other without cutting
the sheet or jumping across a hole, the routes have the same broad shape. This kind of sameness is called
homotopy. In diagnostics, two traces may differ in harmless timing and small detours yet still follow the same
structural route around important obstacles.

Undergraduate mathematics

Two maps f, g: X — Y are homotopic if there is a continuous H: X X [0,1] = Y connecting them. Homotopy-
equivalent spaces have the same basic topological invariants, though they need not be homeomorphic. A trace
embedded as a path in a state space can be simplified through permitted deformations while forbidden failure
regions act as obstacles. We can then use homotopy classes to distinguish structurally different routes.

Formula: H(x,0) = f(x), H(x,1) = g(kx)
Graduate mathematics
Homotopy theory replaces strict equality with paths, higher paths, and invariants such as homotopy groups. Model
categories, simplicial sets, and infinity-groupoids provide flexible foundations. Diagnostic homotopy requires an
explicit space, topology, and allowed deformation; edit operations on symbolic traces are not continuous by
default. Directed homotopy may be more appropriate when time cannot reverse, and labeled or stratified variants
may be needed to preserve semantics.

Formula: 7, (X, xo) = [S™, X].

' N N\ ™
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Slide a route without crossing an A directed deformation avoids a
obstacle continuous deformation protected region
continuous slide deform
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region

. . time
t def ti t
The endpoints stay fixed while the route acon |nuoustweo C#’]I:;SIOH connects Both routes and the intervening deformation

changes continuously. stay in the allowed region.
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Figure 38. Three explanatory views of Homotopy.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Homotopy — terminology and practical value

Concept 38 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The elementary deformation relation decides when two paths or maps can move into one another without
crossing forbidden regions. Graduate homotopy theory organizes deformations between deformations and
extracts group-valued invariants.

Key terms used above

homotopy — A continuous family of maps deforming one map into another while remaining inside the allowed target
space.

homotopy equivalence — A pair of maps whose composites can be deformed to the respective identity maps.

based map — A map required to send a chosen base point to another chosen base point.

homotopy group — An algebraic invariant formed from based maps of spheres, encoding holes of different dimensions.

directed homotopy — A variant restricting deformations to respect an irreversible direction such as time or causality.

Reading the formulas

Undergraduate formula. H starts as f at parameter zero and ends as g at parameter one. For every
intermediate parameter, H must remain a valid continuous map from X to Y.

Graduate formula. The n-th homotopy group of X consists of based homotopy classes of based maps from the
n-sphere into X. The brackets mean classes under allowed deformation, not ordinary function equality.

Why the advanced view is useful

Homotopy can distinguish operational routes that cannot be deformed into one another without crossing a

failure region. It also justifies topology-preserving simplification of state-space representations.

Validity boundary

Symbolic trace edits are not automatically continuous, and ordinary homotopy may reverse time. The space,
topology, labels, and permitted deformation must be defined.
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Injections, surjections, bijections

Primary family: Logic, sets, and foundations e Secondary lenses: Functions; data integration ¢ Overview page 1 of 2 e diagnostic

reference??

No mathematical knowledge required

These terms describe how one list is matched to another. An injection gives different source items different
destinations. A surjection reaches every destination, although several sources may share one. A bijection gives a
one-to-one match with nothing left over. In diagnostics, we use these distinctions to ask whether identifiers stay
unique, every category is represented, or two data formats can be translated without losing information.

Undergraduate mathematics

For f: A — B, injective means f(a) = f(a) implies a = a’; surjective means every b € B has some preimage;
bijective means both and therefore admits an inverse. A normalizer may be many-to-one and hence not injective.
A source-to-dashboard mapping may fail surjectivity if a panel category can never be populated. Cardinality and
pigeonhole arguments often reveal impossible matching claims.

f)=f)=x=y

Formula: VyeYaxeX: f(x) =y

Graduate mathematics

In category theory these notions generalize imperfectly to monomorphisms, epimorphisms, and isomorphisms; in
some categories monos or epis need not be set-theoretically injective or surjective. Measurable, continuous, or
computable inverses impose extra conditions. For diagnostic mappings, we should therefore state the preserved
structure and distinguish an inverse from a partial reconstruction. Sampling, deduplication, and aggregation
commonly destroy injectivity even when field names suggest a one-to-one translation.

Formula: X » f(X) o Y

s \ \ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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| o0 —o o—o
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one-to-one « onto + one-to-one and onto

assignments differ by collisions and unused owners

plain operational cases introduce the each diagram satisfies the defining mono, epi, and Isc::morphlsm depend
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Figure 39. Three explanatory views of Injections, surjections, bijections.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Injections, surjections, bijections — terminology and practical value

Concept 39 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary definitions measure collision and coverage. Graduate category theory replaces them with structure-
relative monomorphisms and epimorphisms, which need not coincide with set-level injection or surjection.

Key terms used above

injective — Distinct inputs always have distinct outputs, so the map does not merge information.
surjective — Every element of the declared target is reached by at least one input.

bijective — Both injective and surjective, giving a set-theoretic inverse.

image — The subset of target values actually produced by the map.

epi—-mono factorization — The standard decomposition of a map into a surjection onto its image followed by inclusion of
that image.

Reading the formulas

Undergraduate formula. The first statement tests injectivity: equal outputs force equal inputs. The second
tests surjectivity: every target y has at least one source x mapping to it.

Graduate formula. Every set map factors as a surjection from X onto its actual image followed by an injection
of that image into Y. The arrows emphasize the two distinct properties.

Why the advanced view is useful

These tests reveal information loss in normalization, unreachable dashboard categories, and impossible
matching claims. Factorization separates coverage of produced values from unused target design.

Validity boundary

A bijection of records need not preserve topology, order, measurability, or semantics. Aggregation and
sampling commonly destroy injectivity even when schemas look one-to-one.

DumpAnalysis.org Page 82



MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Intervals

Primary family: Calculus, analysis, and dynamical systems ¢ Secondary lenses: Order theory; temporal analysis e Overview page 1 of 2

« diagnostic reference*®

No mathematical knowledge required

An interval is the stretch between two boundaries. It may be the time from deployment to failure, the range of
values called healthy, or the events between two milestones. The exact boundaries matter. Including the event at
10:00 and excluding it can change a count, a phase assignment, or whether an alert threshold was crossed.

Undergraduate mathematics

On the real ling, intervals may be open, closed, half-open, bounded, or unbounded. In a poset, the order interval
[a, b] contains x with a < x < b. Time-series windows often use half-open [start, end) conventions to avoid
double counting. Confidence intervals are a different statistical use of the word. In diagnostic specifications, we
should name the interval type, clock, and ordering relation.

Formula: [a,b] = {x € Ria < x < b}
Graduate mathematics
Intervals support interval arithmetic, domain theory, persistence modules, and causal-set constructions. In
partially ordered time, an Alexandrov interval captures events causally between two comparable points, while
incomparable endpoints define no such interval. Interval-valued observations propagate uncertainty safely but
may overestimate through dependency. In diagnostic interval analysis, we should keep temporal, order-theoretic,
numeric, and statistical meanings distinct, especially when one report uses several at once.
o) =k (b=t<d)

Formula:
Ipay(t) =0 (t<bort=d)
s \ \ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 40. Three explanatory views of Intervals.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Intervals — terminology and practical value

Concept 40 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Intervals first specify a contiguous range in an order. Graduate persistence theory uses interval modules as atomic
lifespans of features, while causal and domain-theoretic intervals employ different orders and must not be
conflated.

Key terms used above

open and closed endpoints — Endpoint conventions specifying whether boundary values belong to an interval.
order interval — All elements lying between two comparable elements in a partially ordered set.

half-open window — An interval including its start but excluding its end, useful for adjacent non-overlapping time
buckets.

persistence module — A family of vector spaces or other objects linked by maps as a scale parameter increases.

interval module — A persistence module that is present exactly over one interval and zero outside it.

Reading the formulas

Undergraduate formula. The closed interval from a to b contains the real numbers x satisfying a less than or
equal to x less than or equal to b. Both endpoints are included.

Graduate formula. The interval module I indexed by b, d equals the coefficient space k for parameter values
from b inclusive to d exclusive, and equals the zero space before b or at and after d.

Why the advanced view is useful

Explicit interval conventions prevent double counting and express feature lifetimes, uncertainty ranges, and
causal windows. Persistent intervals show which structures survive across thresholds.

Diagnostic lineage. Data Interval (p. 96) explicitly selects an endpoint-bounded portion of an ordered trace and distinguishes open
from closed endpoints. This is a direct interval construction; clock, ordering, and endpoint conventions determine its diagnostic
meaning.

Validity boundary

Temporal, numeric, order-theoretic, and statistical intervals have different semantics. Clock, order, endpoint,
and uncertainty conventions must be named.
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Isomorphism

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Category theory; structural comparison ¢ Overview page 1 of 2

e diagnostic reference#!

No mathematical knowledge required

Two diagrams can have different names and still have exactly the same pattern of connections. For example, a
service graph and a copy with every service renamed may match perfectly. Such a reversible, structure-preserving
match is called an isomorphism. It helps diagnostics recognize the same incident pattern across hosts, tenants,
versions, or address layouts after irrelevant labels are removed.

Undergraduate mathematics

An isomorphism is a structure-preserving map f: A — B with an inverse g: B — A that also preserves structure.
For graphs, it is a bijection on vertices preserving adjacency; for groups, it preserves the operation. Canonical
labeling or invariants can help compare trace graphs, but matching a few invariants does not prove isomorphism.
Labels that carry operational meaning must either be preserved or deliberately quotiented.

Formula: gof=1,, fog=1p
Graduate mathematics
Categorically, an isomorphism is an invertible morphism and expresses sameness internal to a category.
Equivalence of categories and homotopy equivalence are weaker notions appropriate at higher abstraction levels.
For a diagnostic model, we should choose the intended strength: exact schema isomorphism, behavioral
bisimulation, graph isomorphism, or approximate similarity. Excessive renaming may create a false isomorphism by
discarding the very attributes that distinguish causes.

Formula: A = B = F(A) = F(B)

's \ \ [ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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same structure under different :
e the forward and inverse maps preserve An isomorphism is exact; a homotopy inverse
every edge i H
is inverse up to deformation.
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Figure 41. Three explanatory views of Isomorphism.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Isomorphism — terminology and practical value

Concept 41 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A bijection becomes an isomorphism only when it and its inverse preserve the relevant structure. Graduate
mathematics distinguishes strict isomorphism from weaker equivalence notions suited to categories, topology, or
measured data.

Key terms used above

structure-preserving — Respecting the operations or relations that define the category under study.

inverse morphism — A map that composes with the original map to the appropriate identity in both directions.
invariant — A property shared by isomorphic objects, useful for disproving isomorphism when values differ.
equivalence of categories — A weaker sameness between categories that is invertible only up to natural isomorphism.

canonical form — A chosen representative computed so that isomorphic objects receive the same representation.

Reading the formulas

Undergraduate formula. g after f is the identity on A and f after g is the identity on B. These two-sided
inverse equations make f and g isomorphisms.

Graduate formula. If A and B are isomorphic, every functor F sends them to isomorphic objects. Isomorphism
is therefore preserved by any genuinely functorial diagnostic construction.

Why the advanced view is useful

Isomorphism separates harmless renaming or re-encoding from structural change. Canonical labels and
invariants can collapse duplicate trace graphs while preserving operational relationships.

Validity boundary

Matching a few invariants does not prove isomorphism, and labels carrying operational meaning cannot be
discarded without justification. Approximate matching needs a different notion.
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Jaccard index

Primary family: Uncertainty, approximation, and measurement e Secondary lenses: Set similarity; information retrieval ¢ Overview

page 1 of 2 e diagnostic reference*?

No mathematical knowledge required

Suppose we take the distinct stack frames from two crashes. We count the frames they share and then compare
that count with the total number appearing in either crash. The resulting overlap score is the Jaccard index. A high
score means the two collections have much in common. It ignores items absent from both collections, which is
useful when the possible vocabulary is extremely large.

Undergraduate mathematics

|ANB|
|AUB|’
require generalized definitions. Diagnostic comparisons can use sets of modules, message templates, error codes,

For finite sets A and B, J(4,B) =

with Jaccard distance 1 — J. Multisets and weighted feature vectors

or n-grams. The score discards order and frequency unless these are encoded into the elements, so it should not
replace sequence alignment when ordering matters.

Formula: J(4,B) = :282:

Graduate mathematics

Jaccard similarity is the ratio of intersection to union under a counting measure and extends to measurable sets or
nonnegative vectors. MinHash and locality-sensitive hashing estimate it efficiently at scale. Statistical
interpretation depends on sampling and feature construction; correlated tokens and common boilerplate can
dominate. In diagnostics, we may use inverse-frequency weighting, containment scores, or stratified Jaccard
variants when rare signatures or highly unequal set sizes are more informative.

u(AnB)
Formula: AB) =——
Ju(A,B) = o0s
r \ ( \ ( )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 42. Three explanatory views of Jaccard index.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Jaccard index — terminology and practical value

Concept 42 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

For finite sets, Jaccard similarity divides shared items by all items seen. The graduate measure version applies the
same ratio to measurable regions, while weighted and probabilistic variants require careful interpretation.

Key terms used above

intersection — The elements present in both compared sets.
union — The elements present in at least one of the compared sets.

similarity coefficient — A normalized score whose larger values mean the objects share more content under a chosen
representation.

measure — A rule assigning consistent nonnegative size to sets, generalizing finite cardinality.

weighted Jaccard — A version replacing binary membership with nonnegative feature weights and comparing
coordinatewise minima and maxima.

Reading the formulas

Undergraduate formula. ] of A and B is the number of elements in both sets divided by the number in either
set. Identical nonempty sets score one; disjoint sets score zero.

Graduate formula. Cardinality is replaced by a measure p, so the numerator is the measured size of the
intersection and the denominator the measured size of the union.

Why the advanced view is useful

Jaccard similarity compares sparse signature sets without rewarding jointly absent features. It is useful for
incident clustering, stack-frame overlap, changed-file sets, and component participation.

Diagnostic lineage. Trace Similarity explicitly computes Jaccard similarity between sets of Activity Regions, so this lineage is a
direct use rather than merely a borrowed name.

Validity boundary

The empty—empty case needs a convention, and common but uninformative features can dominate. Time,
multiplicity, confidence, or severity are lost unless encoded explicitly.
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Karnaugh map

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Boolean algebra; logic simplification e Overview page 1 of 2 e

diagnostic reference*?

No mathematical knowledge required

Suppose a failure depends on several yes-or-no conditions, such as a feature flag, environment setting, and
symptom. A Karnaugh map arranges all combinations so cases differing in only one condition sit next to each
other. Groups of neighboring failure cases reveal a shorter rule. This helps diagnostics identify conditions that do
not matter and the smallest combination that reproduces the problem.

Undergraduate mathematics

A K-map places minterms of a Boolean function in Gray-code order. Rectangular groups of 1s with power-of-two
size eliminate variables that change inside the group, yielding simplified sum-of-products expressions; don’t-care
cells may enlarge groups. For a small diagnostic decision rule, the map can simplify combinations of binary
indicators. It becomes unwieldy beyond roughly five or six variables.

Formula: xy Vx—y = x
Graduate mathematics
Karnaugh minimization is a visual form of Boolean implicant reduction related to Quine—McCluskey and logic
synthesis. Minimal expressions may not be unique, and optimization depends on the cost model and hazard
constraints. For diagnostic use, we should distinguish correlation tables from truth tables: if combinations are
unobserved rather than logically impossible, treating them as don’t-cares can create a deceptively simple but
unsafe rule.

of
Formula: P flxi=0 ® flx=1

X
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Figure 43. Three explanatory views of Karnaugh map.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Karnaugh map — terminology and practical value

Concept 43 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A Karnaugh map arranges truth-table cells so adjacent cells differ by one bit, making implicant grouping visible.
Graduate Boolean derivatives and synthesis methods formalize sensitivity and optimization beyond the drawing.

Key terms used above

Boolean function — A rule mapping binary inputs to a binary output.
minterm — A conjunction specifying one exact assignment of all Boolean inputs.
implicant — A simpler condition that guarantees the function is true.

don’t-care — An input combination whose output may be chosen either way for optimization because the case is
genuinely irrelevant or impossible.

Boolean derivative — The exclusive-OR difference between function values when one input bit is flipped.

Reading the formulas

Undergraduate formula. The expression x AND y OR x AND NOT y simplifies to x because y is either true or
false; the two cases together cover every situation in which x is true.

Graduate formula. The Boolean derivative with respect to x; is the exclusive OR of f evaluated with that bit
forced to zero and with it forced to one. It is true exactly where flipping the bit changes the output.

Why the advanced view is useful

Karnaugh maps can simplify small, exact alert rules and reveal which Boolean inputs affect a classification.
Simpler logic is easier to audit and often cheaper to execute.

Validity boundary

Unobserved combinations are not automatically don’t-cares. Treating missing data as logically impossible can
produce a deceptively simple and unsafe diagnostic rule.
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Lattices

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Algebra; program analysis ¢ Overview page 1 of 2 e

diagnostic reference®*

No mathematical knowledge required

Suppose we arrange incident descriptions from broad, such as database problem, to specific, such as timeout in
the Billing database. For any two descriptions, the arrangement supplies their closest shared description and their
smallest consistent combination. This reliable network of merge points is called a lattice. It gives diagnostics a
consistent way to combine observations or state what they have in common.

Undergraduate mathematics

A lattice is a poset in which every pair x, y has a meet x A y and join x V y. The powerset ordered by inclusion is a
lattice with intersection and union. Alert states, permission sets, or abstract program states often form lattices.
Monotone propagation reaches a fixed point, supporting dataflow and dependency analysis. Distributive or
complemented lattices add stronger laws that may or may not hold for evidence.

Formula: x Ay = glb{x,y}, xVy =lub{x,y}
Graduate mathematics

Complete lattices have arbitrary meets and joins; algebraic and continuous lattices underpin domain theory.
Closure systems and Galois connections generate lattices, while nondistributive lattices capture incompatible
combinations. Diagnostic fusion benefits from explicit information order and join, but conflicting evidence may
require bilattices or paraconsistent structures with separate truth and knowledge orders. Choosing union for
convenience does not establish that the diagnostic domain is a lattice.

Formula: L a complete lattice, T: L — L monotone = Fix(T) a complete lattice
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Figure 44. Three explanatory views of Lattices.
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Lattices — terminology and practical value
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From undergraduate to graduate

Pairwise meet and join support controlled evidence combination. Graduate completeness allows arbitrary families
and enables fixed-point theorems; bilattices handle situations where truth and information content vary
independently.

Key terms used above

meet — The greatest element lying below both inputs in the chosen order.
join — The least element lying above both inputs in the chosen order.

complete lattice and Knaster—Tarski theorem — A complete lattice has a meet and join for every subset, including
empty and infinite ones. The Knaster—Tarski theorem says the fixed points of any monotone self-map also form a
complete lattice.

monotone map — A map that preserves the order relation.

bilattice — A structure carrying two lattice orders, often separating degree of truth from degree of knowledge.

Reading the formulas
| Undergraduate formula. x meet y is the greatest lower bound of x and y, while x join y is their least upper

bound. These are order-based definitions, not automatically numerical minimum and maximum.

Graduate formula. A monotone self-map of a complete lattice has a collection of fixed points that itself forms a
complete lattice. This is the Knaster—Tarski conclusion behind many iterative analyses.

Why the advanced view is useful

Lattices organize alert states, permission sets, abstract program states, and evidence fusion. Monotone
propagation supplies deterministic least or greatest stable results.

Validity boundary

Union or maximum is not automatically the right join. Conflicting evidence may violate the assumed order or

require separate truth and knowledge dimensions.
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Manifolds

Primary family: Geometry and topology e Secondary lenses: Differential geometry; representation learning e Overview page 1 of 2 o

diagnostic reference#s

No mathematical knowledge required

The Earth is round, but a small street map looks flat. A manifold is a space that may be curved or complicated
overall while looking ordinary in each small region. Diagnostic records may contain many fields yet gather near a
simpler curved shape. Different local maps can then describe different operating modes, while their connections
explain how the system moves between those modes.

Undergraduate mathematics

An n-manifold is a topological space locally homeomorphic to R", usually with separation and countability
conditions. Smooth atlases permit calculus across overlapping charts. If telemetry lies on a manifold, local
coordinates can capture normal behavior and geodesic distance can be more meaningful than straight-line feature
distance. Gluing charts allows one global model without forcing all regimes into one coordinate system.

Formula: ¢; o ¢;: ¢;(U; N U;) - ¢;(U; N U;)
Graduate mathematics
Smooth manifolds carry tangent bundles, metrics, connections, and curvature; stratified spaces handle dimension-
changing singularities. Manifold learning estimates geometry from finite noisy samples but can confuse density
with curvature or bridge disconnected regimes. Diagnostic state spaces often have boundaries, discrete switches,
and self-intersections, so hybrid or stratified models may be more faithful. A low-dimensional embedding is
evidence for a representation, not proof of an underlying manifold.

Formula: T,M = Derp(Cw(M))

s N\ N\ )
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Figure 45. Three explanatory views of Manifolds.
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From undergraduate to graduate

A manifold is Euclidean only locally, so several coordinate charts may be needed for one state space. Graduate
differential geometry defines tangents and calculus independently of the chosen chart and extends to curvature
and connections.

Key terms used above

chart — A local coordinate map from part of a space to an open subset of Euclidean space.
atlas — A compatible collection of charts covering a manifold.

transition map — The coordinate change between two overlapping charts.

tangent space — The vector space of possible first-order directions at one point.

derivation — A linear operator on smooth functions satisfying the product rule; it gives a coordinate-free tangent-vector
definition.

Reading the formulas

Undergraduate formula. On an overlap, converting from chart i coordinates back to the manifold and then into
chart j gives the transition map. Smooth compatibility of these maps defines a smooth atlas.

Graduate formula. The tangent space at p is identified with derivations acting on smooth functions near p. A
derivation behaves like directional differentiation and obeys the Leibniz product rule.

Why the advanced view is useful

Manifold models support local coordinates, geometry-aware distances, and dimension reduction across

multiple regimes without forcing one global linear chart.

Validity boundary

A low-dimensional embedding is not proof of a manifold. Noise, boundaries, discrete switches, varying
dimension, and self-intersections can require stratified or hybrid models.
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Maps

Primary family: Logic, sets, and foundations e Secondary lenses: Functions; semantic transformation e Overview page 1 of 2 e

diagnostic reference?®

No mathematical knowledge required

A map is a rule that assigns each item in one collection to an item in another. A parser maps bytes to events. A
normalizer maps many messages to one template. A visualization maps measurements to positions or colors. For
every diagnostic map, we should specify what goes in, what comes out, and which differences are kept or
discarded.

Undergraduate mathematics

In elementary mathematics a map is a function f: X — Y, possibly with extra requirements such as continuity,
linearity, or measurability. Composition builds pipelines and preimages pull a diagnostic condition back to raw
evidence. Injectivity describes information retention; surjectivity describes coverage. A feature map can make
patterns separable, while a projection can hide a cause by collapsing distinct states.

Formula: f~Y(ANB) = f~1(A) n f~1(B)
Graduate mathematics

In category theory a morphism is structure-relative, and maps may be partial, stochastic, multivalued, or span-like
rather than total functions. Pushforwards and pullbacks transport measures, fields, and observations in opposite
directions. In diagnostic mapping, we should include provenance and uncertainty, especially when schema
evolution or entity resolution makes correspondence nonfunctional. The word ‘map’ alone guarantees neither
invertibility nor semantic preservation.

Formula: (go f)*=f"0og"

r \ ( \ )
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Figure 46. Three explanatory views of Maps.
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Concept 46 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary functions carry inputs forward and pull conditions back through preimages. Graduate settings make
the word map structure-relative and distinguish pushforward from pullback, especially when uncertainty or
geometry is transported.

Key terms used above

preimage — The source elements sent into a chosen target set; it is defined even when a map has no inverse.
composition — Applying one compatible map after another to form a processing pipeline.

pushforward — Transporting forward an object such as a measure or distribution along a map.

pullback — Transporting observations, functions, or fields backward along a map.

stochastic map — A map assigning a probability distribution of outputs rather than one deterministic output.

Reading the formulas

Undergraduate formula. The preimage of an intersection equals the intersection of the two preimages. An
input maps into both A and B exactly when it maps into A and also into B.

Graduate formula. Pullback reverses composition: pulling an object back along g after f equals first pulling it
back along g and then along f. The star marks pullback, not ordinary multiplication.

Why the advanced view is useful

Maps express every stage of a diagnostic pipeline and expose where information is merged, omitted, or made
uncertain. Pullbacks trace a dashboard condition back to raw evidence; pushforwards propagate distributions
forward.

Validity boundary

The word map guarantees neither invertibility nor preservation. Partial matches, entity resolution, and schema
drift may require relations, spans, or probabilistic maps instead of total functions.
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Minimal surface

Primary family: Geometry and topology ¢ Secondary lenses: Variational calculus; optimization e Overview page 1 of 2 e diagnostic

reference®’

No mathematical knowledge required

A soap film stretched across a wire frame settles into a shape that avoids unnecessary area nearby. That shape is a
familiar example of a minimal surface. In diagnostics, the idea suggests finding a simple surface that follows
important boundary evidence without following every noisy fluctuation. It might separate normal from abnormal
states or summarize a complicated response landscape.

Undergraduate mathematics

A smooth minimal surface is a critical point of the area functional and has zero mean curvature, although it need
not be the global minimum. The minimal-surface equation is nonlinear. For diagnostic data, we might fit a
regularized decision surface with fixed boundary conditions and compare its curvature or area across incidents.
This is an analogy unless the optimization objective is actually geometric area.

Formula: Hy =0
Graduate mathematics
Minimal surfaces arise in geometric measure theory as stationary integral currents or varifolds, allowing
singularities and weak limits. Stability, Plateau’s problem, and calibration distinguish local stationarity from true
minimization. Diagnostic boundary estimation often uses graph cuts, total variation, or level-set methods that
share variational ideas but not the same object. For a precise treatment, we should state the ambient metric,
boundary, functional, regularization, and admissible class.

Formula: 645(V) = _f):(H' Vydu

s \ \ ( )
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Figure 47. Three explanatory views of Minimal surface.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Minimal surface — terminology and practical value

Concept 47 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Zero mean curvature characterizes smooth stationary surfaces locally. Graduate geometric measure theory
separates stationarity, stability, and true minimization and extends the object to weak surfaces that can develop
singularities.

Key terms used above

mean curvature — The average of principal curvatures, giving the first-order tendency of a surface’s area to change.
area functional — The rule assigning total geometric area to each admissible surface.

first variation — The derivative of a functional under an infinitesimal deformation.

stationary — Having zero first variation for all admissible local perturbations; this need not mean globally minimal.

minimal-surface equation and Plateau problem — The minimal-surface equation says mean curvature is zero, a
nonlinear stationarity condition. The Plateau problem asks for a least-area surface spanning a prescribed boundary.

Reading the formulas

Undergraduate formula. Hy equals zero: the mean-curvature vector vanishes at every point of the smooth
surface, so first-order local deformations do not reduce area.

Graduate formula. The first change of area under deformation field V equals minus the integral of the inner
product of mean curvature H and V. Vanishing for every V yields the minimal-surface equation.

Why the advanced view is useful

The variational viewpoint helps design and compare smooth decision boundaries, regularized separators, and
interfaces under fixed constraints. Curvature localizes where a boundary is geometrically strained.

Diagnostic lineage. Minimal Trace means the trace produced under default configuration and no interaction. The source calls
the minimal-surface relation metaphorical; no area functional or zero-mean-curvature condition is implied.

Validity boundary

A fitted low-area boundary is not automatically a mathematical minimal surface. Ambient metric, boundary
conditions, functional, regularization, and admissible class must all be specified.
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Model theory

Primary family: Logic, sets, and foundations e Secondary lenses: Semantics; formal specification ¢ Overview page 1 of 2 ¢ diagnostic

reference?®®

No mathematical knowledge required

Consider a rulebook and all the possible worlds that obey it. Model theory studies the link between the statements
in the rulebook and those worlds. In diagnostics, logs and snapshots give incomplete statements about an
execution. Candidate histories are possible worlds that must fit them. If no history fits, the evidence may be
corrupt, an assumption may be wrong, or the system may have broken its specification.

Undergraduate mathematics

A first-order language has symbols for relations, functions, and constants. A structure interprets them, and M E ¢
means formula ¢ is true in structure M. Theories are sets of sentences with classes of models. We can encode
diagnostic constraints such as ordering, ownership, and resource limits, then check them against reconstructed
states. Compactness and Lowenheim—Skolem show that logical expressiveness and model size have non-obvious
limits.

Formula: M & ¢(a)
Graduate mathematics

Model theory analyzes definability, types, elementary embeddings, saturation, stability, and categoricity. Finite-

model theory differs sharply because compactness fails and computational complexity becomes central. Diagnostic

evidence is usually finite, incomplete, temporal, and probabilistic, so classical first-order models may need

temporal logic, many-sorted structures, or weighted semantics. Treating a trace as a model is useful when the

signature and satisfaction relation are explicit; using ‘model’ to mean representation alone does not suffice.
Formula: M S NV & M S N and Vo(%) va € M*l: M £ ¢(a) & N E ¢(@)
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Figure 48. Three explanatory views of Model theory.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Model theory — terminology and practical value

Concept 48 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Undergraduate logic checks whether a reconstructed state satisfies explicit formulas. Graduate model theory
compares entire structures by the formulas they cannot distinguish and studies limits on what a chosen language
can define.

Key terms used above

language or signature — The declared relation, function, and constant symbols available for writing formulas.
structure — A domain together with interpretations of every symbol in the language.
satisfaction — The relation saying that a formula is true in a structure under a given assignment.

elementary substructure — A substructure agreeing with the larger structure on every first-order formula with
parameters from the smaller one.

definability — The property that a set, relation, or element can be specified by a formula in the chosen language.

Reading the formulas

Undergraduate formula. M satisfies ¢ of a means the formula ¢ is true when its variables are interpreted by
tuple a inside structure M.

Graduate formula. M is an elementary substructure of V' only when it is first a substructure. Then every
formula @ (%) and every finite tuple @ from M must have the same truth value in both structures. The tuple

guantifier and inclusion are essential.

Why the advanced view is useful

An explicit signature turns trace constraints, ownership rules, and resource invariants into checkable
statements. Elementary equivalence can show when a reduced model preserves every query expressible in the

chosen language.

Validity boundary

Operational evidence is finite, temporal, incomplete, and probabilistic. Classical first-order logic may need

many-sorted, temporal, finite-model, or weighted semantics.
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Moduli space

Primary family: Algebraic geometry and number theory e Secondary lenses: Geometry; classification e Overview page 1 of 2

diagnostic reference*?

No mathematical knowledge required

Consider a map where each dot stands for an entire system configuration or incident shape rather than for an
ordinary location. This kind of map is called a moduli space. Nearby dots represent similar whole objects after
unimportant renaming has been ignored. Clusters can reveal incident families, while unusual dots can mark
broken, incomplete, or highly repetitive configurations.

Undergraduate mathematics

A moduli problem classifies objects up to an equivalence such as isomorphism. Parameters become coordinates
when a well-behaved space exists. For diagnostics, we can map each normalized trace graph or configuration to a
point in a feature or parameter space, then study neighborhoods and families. Quotienting by host names or time
shifts reduces duplication, but the quotient may have singularities when objects possess extra symmetries.

Formula: M =S/ ~
Graduate mathematics

Fine moduli spaces represent families and carry a universal family; coarse moduli spaces only classify geometric
points. Automorphisms often force the correct object to be a stack rather than a space. Deformation and
obstruction theories describe local structure. A diagnostic moduli construction therefore needs a defined
equivalence, family notion, and topology. A generic embedding of incidents is not automatically a moduli space,
though it can be an empirical approximation to one.

Formula: M = [X/G], Stab(x) = Aut(x)
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Figure 49. Three explanatory views of Moduli space.
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Moduli space — terminology and practical value

Concept 49 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A parameter plot becomes a moduli construction only after objects, equivalence, and families are defined.
Graduate theory explains why symmetries can make an ordinary quotient singular and why stacks retain stabilizer
information.

Key terms used above

moduli problem — The task of classifying a specified kind of object up to a specified equivalence.

fine moduli space — A classifying space that also carries a universal family from which every other family is pulled back.
coarse moduli space — A space classifying equivalence classes of points without necessarily representing all families.
automorphism — A structure-preserving symmetry of an object to itself.

stack — A classifying object that retains automorphisms and gluing data lost by an ordinary quotient space.

Reading the formulas

Undergraduate formula. The moduli set M is the collection S of candidate objects divided by the chosen
equivalence relation. Each point represents one entire equivalence class.

Graduate formula. The quotient stack bracket X over G records the action of group G on X rather than only its
orbits. The stabilizer of point x is its automorphism group under that action.

Why the advanced view is useful

A diagnostic moduli view can organize normalized incidents into families while preserving which changes are
merely renamings. Local geometry can reveal deformations, common regimes, and highly symmetric singular
cases.

Validity boundary

A feature embedding of incidents is not automatically a moduli space. It needs a principled equivalence,
topology, family notion, and treatment of automorphisms.
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Monoids

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Formal languages; composition ¢ Overview page 1 of 2 e

diagnostic reference?

No mathematical knowledge required

Trace blocks can be joined end to end. If regrouping the joins does not change the final trace, and an empty block
changes nothing, these blocks behave like a monoid. The name describes any collection with those two simple
rules. In diagnostics, we can then analyze a long trace in chunks and safely combine the chunk summaries,
provided the chosen combination follows the same rules.

Undergraduate mathematics
A monoid (M, e) satisfies associativity and identity laws. Free monoids consist of finite words over an alphabet. If
a trace summary h obeys h(xy) = h(x) - h(y), it is a monoid homomorphism and can be computed in parallel
over chunks. Counts, duration sums, and some sketches have this property; order-sensitive signatures require a
noncommutative monoid.

Formula: (ab)c = a(bc), ea =a=ae
Graduate mathematics

Monoids are one-object categories, and monoid actions describe state updated by sequences. Syntactic monoids
classify regular languages; traced, ordered, or topological monoids add semantics. Diagnostic streaming benefits
from monoidal aggregation and compositional proofs, but not every merge is associative in the presence of time
windows, deduplication, or mutable context. The identity and boundary metadata must be defined, or chunked
analysis can disagree with whole-trace analysis.

Formula: Ob(C) = {*}, End(x) =M

' N N\ ™
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Figure 50. Three explanatory views of Monoids.
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Monoids — terminology and practical value

Concept 50 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A monoid is the minimal algebra for safely chunking and recombining sequences. Graduate category theory
observes that the same data form a one-object category and connects monoids to actions and language
recognition.

Key terms used above

associative operation — A combination rule whose result does not depend on parenthesization.

identity element — A neutral element that leaves every other element unchanged when combined on either side.
free monoid — All finite words over an alphabet under concatenation, including the empty word as identity.
homomorphism — A map preserving the monoid operation and identity.

noncommutative — Order-sensitive: combining a then b may differ from combining b then a.

Reading the formulas

Undergraduate formula. The first law says parenthesizing three products either way gives the same result. The
second says identity e leaves every element a unchanged on both sides.

| Graduate formula. A monoid M can be viewed as a category with one object *. Its endomorphisms are the

monoid elements, and categorical composition is monoid multiplication.

Why the advanced view is useful

Monoidal summaries can be computed in parallel over trace chunks and merged with a proof that chunk
boundaries do not matter. Counts, sums, sketches, and ordered signatures fit different monoids. See also:

Semigroups.

Validity boundary

Windows, deduplication, mutable context, and missing boundary metadata often break associativity. The
empty-input identity and merge semantics must be tested.
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Motives

Primary family: Algebraic geometry and number theory e Secondary lenses: Cohomology; universal invariants e Specialist entry e

Overview page 1 of 2 e diagnostic reference>®

No mathematical knowledge required

Several instruments can study the same object and produce very different summaries. Motives are an ambitious
mathematical idea that several ways of measuring shapes defined by equations may come from one deeper object.
In diagnostics, we can borrow this as a question: are stack traces, metrics, logs, and memory views different
expressions of one incident structure? The term should remain an analogy unless that shared structure is precisely
built.

Undergraduate mathematics

Algebraic varieties have cohomology theories with parallel properties. The theory of motives introduces objects
built using varieties and algebraic correspondences so that cohomological invariants factor through a common
category. A diagnostic analogue would define transformations from an incident object into several evidence
representations and search for invariants preserved across them. Merely sharing a label or timestamp is too weak
to play this role.

Formula: H*(X) = RH(M(X))
Graduate mathematics
Pure and mixed motives, Chow motives, numerical equivalence, triangulated categories, and motivic Galois groups
form a broad and partly conjectural area of mathematics. Motives aim to universalize Weil cohomologies; standard
conjectures remain central. Diagnostic ‘motives’ should therefore be presented as an organizing analogy unless a

precise universal factorization is constructed. We can use this analogy to separate latent structural invariants from
their heterogeneous realizations and to record transformations between those realizations.

Formula: g o f = (p13)«(P12f " P239)
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Figure 51. Three explanatory views of Motives.
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Motives — terminology and practical value

Concept 51 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Parallel cohomology theories suggest a common source of their shared structure. Motives attempt to supply that
universal source, while graduate theory makes clear that several versions exist and important parts remain
conjectural.

Key terms used above

algebraic variety — A geometric object described locally by polynomial equations.

cohomology theory — A method assigning algebraic invariants to spaces, with maps and exactness properties.
correspondence — An algebraic cycle relating two varieties and acting like a generalized map between their invariants.
realization functor — A translation from a category of motives into a particular cohomology theory.

standard conjectures — Major unproved statements expected to connect algebraic cycles, positivity, and cohomological
equivalence.

Reading the formulas

Undergraduate formula. The cohomology of variety X is obtained by applying a realization functor Ry to the
motive M of X. The motive is intended to contain the common structural information seen by H.

Graduate formula. To compose correspondences f and g, pull both to the triple product, intersect them, and
push the result along the first-to-third projection. The formula replaces ordinary function composition with

cycle operations.

Why the advanced view is useful

For diagnostics, this suggests looking for one latent structural object whose several evidence representations

arise by principled realizations. This can organize invariants shared by traces, graphs, metrics, and summaries.

Diagnostic lineage. The Motif pattern borrows its name from mathematical motives but denotes recurring architectural or
interaction motifs in traces. This is etymological inspiration, not a motivic object.

Validity boundary

Motivic language is metaphorical without algebraic varieties, correspondences, and a universal factorization.
Even within mathematics, the theory has multiple frameworks and unresolved conjectures.
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Motivic integration

Primary family: Algebraic geometry and number theory e Secondary lenses: Measure theory; singularity invariants e Specialist entry

» Overview page 1 of 2 e diagnostic reference>!

No mathematical knowledge required

Ordinary totals often erase shape. Two incident collections may contain the same number of events while having
very different structures. Motivic integration is an advanced method that combines types of shape instead of
reducing everything to ordinary numbers immediately. As a diagnostic analogy, it suggests grouping traces by
structural type and keeping those types visible while the groups are combined.

Undergraduate mathematics

Motivic integration assigns measures valued in a completion of a Grothendieck ring of varieties, often on arc
spaces. Sets of arcs contribute algebraic classes rather than real volumes. A diagnostic analogue can group
execution paths by structural type and aggregate symbolic class counts before numerical realization. This is richer
than ordinary histograms, but a true motivic measure requires algebraic-geometric objects and measurable
cylinders, not simply category labels.

Formula: [X] =[Z]+ [X\ Z] inK,(Var)
Graduate mathematics

Kontsevich’s motivic integration and the Denef-Loeser theory provide change-of-variables formulas involving
Jacobian orders and yield invariants of singularities. Specializations recover numerical invariants such as point
counts or Hodge data in suitable settings. In diagnostics, we can borrow the approach of universal aggregation
followed by multiple realizations. Claims of motivic integration should remain metaphorical unless a Grothendieck-
type ring, scissor relations, completion, measurable space, and transformation law are rigorously defined.

. —ord¢Jacy
Formula: fL(X) L du
4 N\ N\ “\
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Add pieces without losing their shape Decompose and add geometric classes Integrate with geometric values

piece B

) closed
piece A piece
T shape - + completed
total — | Grothendieck
rin
P complement | I ¢

whole

A shape-sensitive total retains more than a The whole class is the sum of a closed piece The integral takes values in a completed ring
numerical count. and its complement. of geometric classes.

\. J \\ J U J

Figure 52. Three explanatory views of Motivic integration.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Motivic integration — terminology and practical value

Concept 52 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Ordinary integration sums numerical size. Motivic integration sums algebraic classes of families of arcs, so one
universal symbolic answer can later specialize to several numerical invariants.

Key terms used above

Grothendieck ring of varieties — A ring generated by algebraic varieties, with cut-and-paste relations and product
induced by Cartesian product.

scissor relation — The identity decomposing a variety into a closed part and its open complement.
arc space — The space of formal power-series paths into an algebraic variety.
Lefschetz class — The class of the affine line, conventionally denoted by L.

Jacobian order — The vanishing order along an arc of the Jacobian determinant or ideal of a transformation.

Reading the formulas

Undergraduate formula. The class of X equals the class of a closed subvariety Z plus the class of its
complement. This cut-and-paste rule is the basic additive relation in the Grothendieck ring.

Graduate formula. The integral ranges over arcs in X and weights each arc by a negative power of the
Lefschetz class determined by the Jacobian order of f. The measure is motivic rather than real-valued.

Why the advanced view is useful

The approach of classifying paths structurally, aggregating symbolically, and then applying multiple realizations
suggests reusable diagnostic summaries richer than one histogram or score.

Validity boundary

A true application requires a Grothendieck-type ring, measurable cylinders, a completion, and a valid change-
of-variables law. Category labels alone do not constitute motivic integration.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Nerve complex

Primary family: Geometry and topology ¢ Secondary lenses: Combinatorics; cover analysis ¢ Overview page 1 of 2 e diagnostic

reference5?

No mathematical knowledge required

We can assign one point to each diagnostic source or time window. Join two points when their evidence overlaps.
Fill a triangle when three sources all overlap in one common region, and do the same for larger groups. The
resulting overlap shape is called a nerve complex. It shows whether the evidence forms one connected story,
several separate islands, or a loop surrounding an observability gap.

Undergraduate mathematics
For a family {U;}, the nerve is the simplicial complex with a simplex {iy, ..., i, } whenever U; N ---N Uy, is
nonempty. It records all finite intersection patterns, not just pairwise overlap. A telemetry cover can yield a nerve

whose components expose disconnected evidence and whose higher-dimensional simplices expose multi-source
correlation. Pairwise links alone can falsely suggest a common intersection.

k
Formula: {i, ..., iy} € N(U) & ﬂOUL-r * o
r=

Graduate mathematics

The nerve theorem says that under good-cover conditions, the nerve has the homotopy type of the covered union.
Cech complexes and persistent nerves support topological data analysis. For diagnostics, cover sets may be
uncertain, time-dependent, or noncontractible, so theorem hypotheses must be checked. A nerve is nevertheless a
compact combinatorial summary of overlap, and changes in its homology can mark evolving coverage or
fragmentation.

Formula: U good cover = [N(U)| = X

r \ ( \ ( )
NO MATH REQUIRED UNDERGRADUATE GRADUATE

Shared evidence creates connections

L)

common incident | < traces | »
[
a simplex records every common good covers transfer homotopy to
overlap becomes a connected shape Ffrarerreitern A
. J U J U J

Figure 53. Three explanatory views of Nerve complex.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Nerve complex — terminology and practical value

Concept 53 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The nerve compresses a cover into combinatorics while retaining every finite overlap. Under good-cover
hypotheses, graduate topology proves that this combinatorial object has the same homotopy type as the covered

union.

Key terms used above

simplex — A finite set of vertices included whenever the corresponding cover members share one common point.

finite intersection pattern — The record of which groups—not merely pairs—of cover sets overlap simultaneously.

geometric realization — The topological space obtained by turning abstract simplices into filled geometric simplices and
gluing their faces.

good cover and nerve theorem — A good cover has contractible nonempty finite intersections. The nerve theorem then
states that the realized nerve and the covered union have the same homotopy type.

homotopy type — The information about a space preserved by continuous deformation.

Reading the formulas

| Undergraduate formula. A vertex set i through i, forms a simplex exactly when all corresponding U sets have

a honempty common intersection.

Graduate formula. If U is a good cover, the geometric realization of its nerve is homotopy equivalent to X. The
arrow with a tilde expresses equivalence up to deformation, not equality.

Why the advanced view is useful

A telemetry nerve reveals disconnected coverage, multi-source correlation, and holes in observation. Its small
combinatorial form can track how coverage changes over time or threshold. See also: Cover.

Diagnostic lineage. Trace Nerve is a thread running through all selected Activity Regions. A mathematical nerve is instead the
simplicial complex of all nonempty finite intersections in a cover, so the historical pattern is not an instance of the construction.

Validity boundary

Pairwise overlap does not guarantee a common multiway intersection, and the homotopy conclusion needs
good-cover conditions. Uncertain or time-varying cover sets need robustness analysis.
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Open and closed sets

Primary family: Geometry and topology e Secondary lenses: Set theory; neighborhood reasoning e Overview page 1 of 2 e

diagnostic reference?

No mathematical knowledge required

On an ordinary number line, a range can exclude its boundary values or include them. This gives the simplest
picture of open and closed sets. More generally, an open region leaves room to move slightly around every
included point, while a closed region also contains every boundary point that can be approached from inside. In
diagnostics, we must state whether threshold values and incident endpoints belong to the region being analyzed.
Undergraduate mathematics
A topology is a collection of open sets closed under arbitrary unions and finite intersections. Closed sets are
complements of open sets and contain limits of convergent sequences in metric spaces. Continuity is defined by
open-set preimages. Diagnostic threshold regions inherit their meaning from a topology or metric; merely drawing
an inclusive or exclusive numeric interval captures only the familiar real-line case.

Formula: U openin X & X \ U closed in X
Graduate mathematics
Open and closed are relative to an ambient topology. Closures, interiors, boundaries, compactness,
connectedness, and separation axioms organize local-to-global behavior. In non-Hausdorff or Alexandrov spaces,
common intuitions can fail but order and causality become natural. Diagnostic state spaces built from information
order may use upward-open sets rather than Euclidean balls. Choosing the topology is therefore a modeling
decision about distinguishability and observable perturbation.

Formula: 04 = A\ A°

( NO MATH REQUIRED 1( UNDERGRADUATE 1 GRADUATE ]
Does the region include its edge? Open sets define a topology
e . ( \ ambient X
R ‘\\ X [, . A
E" open ‘:: open set U \‘.
“\ "’.' e .

closed set: X outside U

boundary excluded boundary included
. . . ambient topology encodes
Open regions exclude their boundary; closed Closed sets are complements of open sets in observability
regions include it. the ambient space.
\ J \\ J J

Figure 54. Three explanatory views of Open and closed sets.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Open and closed sets — terminology and practical value

Concept 54 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Open and closed are not intrinsic labels; they are relative to a topology. Graduate analysis uses closure, interior,
boundary, compactness, and separation to make the chosen notion of observable perturbation explicit.

Key terms used above

topology — The chosen collection of open sets that defines neighborhood, continuity, and convergence.

closure — The smallest closed set containing a set, including all points that cannot be separated from it by open
neighborhoods.

interior — The largest open set contained in a set.
boundary — The points where every neighborhood meets both the set and its complement.

Hausdorff — A separation property saying any two distinct points have disjoint neighborhoods.

Reading the formulas

Undergraduate formula. A subset U is open exactly when its complement X \ U is closed. Thus open and
closed are dual relative to the same ambient topology; the Topology entry separately displays the topology
axioms.

Graduate formula. The boundary of A4 is its closure with its interior removed. It contains the points that are
approached from both inside and outside A.

Why the advanced view is useful

Topology determines whether a threshold region is stable under small observable changes and what counts as

a regime boundary. Non-Euclidean topologies can model reachability or information order naturally.

Validity boundary

Numeric interval intuition can fail in non-Hausdorff or order-based spaces. The topology is a modeling decision
and must be reported before topological conclusions are meaningful.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Operads

Primary family: Category theory and higher structures e Secondary lenses: Algebra; workflow composition ¢ Overview page 1 of 2 e

diagnostic reference®*

No mathematical knowledge required

A diagnostic step may take several inputs, such as a trace, memory snapshot, and metric window, and produce one
hypothesis. That hypothesis can then become an input to another step. An operad is a set of rules for plugging
many-input operations together like nested recipes. It helps describe complex analysis pipelines while keeping
track of input roles and whether changing their order is allowed.

Undergraduate mathematics
An operad has collections O(n) of n-input operations, identity operations, and composition by substituting
operations into inputs. Symmetric operads also let the permutation group act on inputs. A diagnostic operad can
describe parsers, correlators, classifiers, and synthesis steps independently of the concrete data. An algebra over
the operad is a particular implementation on chosen evidence types.

Formula: y:0(n) X [1;0 (k) » 0% ki)
Graduate mathematics

Operads encode many varieties of algebra and extend to colored, cyclic, modular, topological, and infinity-operads.

In partial-composition notation, f o; g inserts operation g into input i of f; associativity and unit laws make nested

substitution unambiguous. Colored operads enforce evidence types. Diagnostic use can support reusable

reasoning workflows, but time, uncertainty, and feedback require enriched operations or related structures.
Formula: (f o; g) oj4j—1h=fo;(gojh), 1logf=f=fo;1

r \ ( N\ ( )

NO MATH REQUIRED
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Figure 55. Three explanatory views of Operads.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Operads — terminology and practical value

Concept 55 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Variadic operations become compositional when substitution, identity, and input permutation obey laws.
Graduate operads encode entire families of algebraic or workflow patterns, with colors enforcing schema
compatibility.

Key terms used above

n-ary operation — An operation accepting n inputs at once rather than only one or two.
substitution composition — Building a larger operation by plugging one operation into each input slot of another.
symmetric action — A coherent rule for permuting an operation’s input positions.

colored operad — An operad whose input and output ports carry types, so only type-compatible substitutions are
allowed.

algebra over an operad — A concrete implementation of every abstract operation on chosen data objects, respecting
operadic composition.

Reading the formulas

Undergraduate formula. y takes one n-input operation and n operations of arities k; through k,,, substitutes
them into its inputs, and produces an operation with the sum of those arities.

Graduate formula. The first identity says that inserting h into g and then g into f agrees with the
corresponding nested partial compositions, with index shift i + j — 1. The second gives the unit laws. Every use
of o; is therefore defined within the notation of the entry.

Why the advanced view is useful

A diagnostic operad can separate reusable workflow shape from implementations of parsers, correlators,
classifiers, and synthesis stages. Typed ports catch invalid compositions before execution. See also: Variadic
functions.

Related theoretical framing. ‘Diagnostic Operads’ (pp. 279-281) proposes decomposing analysis patterns into associative, multi-input
elementary operations. A literal operad additionally needs arity-indexed operations, units, substitution laws, and any intended
symmetry action.

Validity boundary

Operads do not automatically model feedback, time, side effects, or uncertainty. Those require enriched
operations or related structures such as props and properads.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Orbifolds

Primary family: Geometry and topology ¢ Secondary lenses: Group actions; singular spaces ¢ Overview page 1 of 2 ¢ diagnostic

reference’>

No mathematical knowledge required

Suppose we fold a patterned sheet so several matching points lie on top of one another. Most places on the folded
sheet look ordinary, but highly symmetric places have extra ways to match themselves. An orbifold is a
mathematical space with this kind of folded symmetry. In diagnostics, treating interchangeable replicas as one can
create similar special points in a simplified configuration map.
Undergraduate mathematics
Locally, an orbifold resembles R™ /G for a finite group G rather than simply R™. Points carry isotropy groups
measuring local symmetry. Taking the quotient of a diagnostic state space by permutations of identical workers
can produce quotient singularities when several workers have identical states. Orbifold charts retain this stabilizer
information instead of treating the quotient as a featureless space.

Formula: chart=U/G
Graduate mathematics
Orbifolds may be defined through proper étale groupoids or differentiable stacks, enabling orbifold cohomology,
fundamental groups, and integration with isotropy weights. The displayed invariant is the string-theoretic orbifold
Euler characteristic, not Satake’s different rational-valued invariant. For diagnostics, groupoid semantics can
preserve renamings and automorphisms, whereas a naive quotient can hide multiplicity or bias density near
symmetric states.

Formula: G finite = y¢..([X/G]) = I?llz‘g’hEG x (X9m)

gh=hg
s \ \ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Replica symmetry creates a hotspot Finite syrn;rilﬁ;m::il?ya quotient
quotient point
—_
?
nontrivial stabiliser remains quotient chart retains isotropy
quotielnting replica_s creates an orbifold point remembers the local groupo.ids retaip isotropy
special symmetric points stabiliser group information
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Figure 56. Three explanatory views of Orbifolds.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Orbifolds — terminology and practical value

Concept 56 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

An ordinary quotient remembers only orbits. An orbifold also remembers local stabilizers, so symmetric
configurations remain distinguishable as singular points with extra automorphisms.

Key terms used above

group action — A consistent way for each group element to transform points of a space.
quotient chart — A local model U divided by a finite group of symmetries.

isotropy or stabilizer group — The subgroup whose elements leave a chosen point fixed.

proper étale groupoid — A groupoid presentation that encodes local finite symmetry and compatible orbifold charts.

fixed-point set — The points unchanged by one or more selected group elements.

Reading the formulas

symmetry in G transforms one into the other.

over commuting pairs g, h. It should not be confused with Satake’s orbifold Euler characteristic.

Why the advanced view is useful

renaming. This avoids bias near highly symmetric system states.

Validity boundary

require stacks or more general singular spaces.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Order duality

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Lattice theory; reverse analysis ® Overview page 1 of 2 e

diagnostic reference®®

No mathematical knowledge required

Suppose we take a ranking or before-and-after order and turn it upside down. Earliest becomes latest, smallest
becomes largest, and adding detail becomes removing detail. This reversal is order duality. One diagnostic analysis
may move from raw evidence to a general explanation. The reversed reading starts with a broad hypothesis and
narrows toward the evidence that would support it.

Undergraduate mathematics

For a poset P, the dual P°P has x <, y exactly when y < x in P. Every order theorem has a dual statement: joins
become meets, upper bounds become lower bounds, and ideals become filters. Reversing an evidence-information
order swaps aggregation with common refinement. This is a formal reversal of relation, not necessarily a reversible
operational process.

Formula: X <pop y &y <p x
Graduate mathematics
Order duality extends to lattice, domain, and categorical dualities. In formal concept analysis it exchanges objects
and attributes under suitable contexts; in program semantics it distinguishes least from greatest fixed points. We
can generate diagnostic pattern pairs by dualization, but semantic asymmetries may break the analogy: causes and
effects, collection and deletion, or observation and intervention are not automatically interchangeable merely
because arrows can be reversed on paper.

Formula: P\!pS = {D\S

'q \ ( \ ( )
NO MATH REQUIRED UNDERGRADUATE GRADUATE

Reverse the investigation order A poset beside its order dual Duality exchanges least and greatest

P dual P

| symptom first | root cause last least fixed pOlﬁt
reverse
order
ront cause first symptom last

all order arrows reverse; meet and join exchange

greatest fixed point

turn the evidence order upside

thi I t: in whil i
down @ SEE ERMENES fEmEih tila Suer Reversing the order swaps least and greatest

comparison reverses fixed-point constructions.
g J L J L y

Figure 57. Three explanatory views of Order duality.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Order duality — terminology and practical value

Concept 57 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Reversing the order turns every upward statement into a downward companion. Graduate order duality connects
lattice constructions, domain semantics, and least-versus-greatest fixed points without asserting that the
underlying process is physically reversible.

Key terms used above

dual poset — The same elements equipped with the reversed order relation.

upper and lower bound — An element above or below every member of a subset in the chosen order.

join and meet — Least upper bound and greatest lower bound; they exchange roles under order reversal.
ideal and filter — Downward-closed and upward-closed subsets, respectively; they are exchanged by duality.

least and greatest fixed point — The extreme solutions selected by an order, often corresponding to inductive and
coinductive meanings.

Reading the formulas

Undergraduate formula. x is below y in the dual order exactly when y is below x in the original order. Only the
comparison direction changes.

Graduate formula. The join of a subset in the dual order is the meet of that subset in the original order. Least
upper bounds become greatest lower bounds under reversal.

Why the advanced view is useful

Duality can generate paired diagnostic operations such as aggregation versus common refinement, possibility

versus necessity, or least versus greatest stable explanations. See also: Dual categories; Duality.

Validity boundary

Semantic asymmetries remain. Cause and effect, collection and deletion, or observation and intervention do
not become interchangeable merely because an order can be reversed formally.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Ordinals

Primary family: Logic, sets, and foundations e Secondary lenses: Order theory; transfinite processes ¢ Overview page 1 of 2 e

diagnostic reference®’

No mathematical knowledge required

Consider an analysis that can repeat without a fixed final step. After all ordinary rounds, it gathers everything
learned so far and begins a new kind of round. Ordinals are labels for positions in processes that include both next
steps and such limit stages. Most traces need only ordinary event numbers, but ordinals can describe idealized
analyses that continue until no new information appears.

Undergraduate mathematics

An ordinal is the order type of a well-order. After 0,1,2, ... comes the first infinite ordinal w, followed by w + 1 and
others. Ordinal addition is not commutative. Transfinite induction and recursion define processes at successor and
limit stages. In diagnostics, ordinal ranks can label dependency depth or prove termination of analyses whose
measure decreases in a well-founded order.
a+1=aV{a}
Formula: ) — ﬁgaﬁ (2 limit)

Graduate mathematics

In set theory, von Neumann ordinals are transitive sets well-ordered by membership. Closure ordinals measure
when monotone transfinite iterations stabilize, while ordinal heights appear in domains, proof theory, and
termination. Practical diagnostic datasets remain finite, but ordinal reasoning can justify algorithms over
recursively generated states or abstraction lattices. Using ordinal labels merely as very large counters misses their
essential order-type and limit-stage structure.

Formula: F(a) = G(F|,)

s \ ( \ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
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Figure 58. Three explanatory views of Ordinals.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Ordinals — terminology and practical value

Concept 58 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Finite counting extends to well-ordered types beyond every natural number. Graduate transfinite recursion treats
successor and limit stages differently, allowing iterative constructions to continue until a closure ordinal is reached.

Key terms used above

well-order — A total order in which every nonempty subset has a least element.

order type — The abstract pattern of a well-order, ignoring the names of its elements.

successor ordinal — The next ordinal obtained by adjoining the previous ordinal as one new greatest element.
limit ordinal — A nonzero ordinal with no immediate predecessor, formed as the union of all smaller ordinals.

transfinite recursion — A definition with separate rules for zero, successor stages, and limit stages.

Reading the formulas

Undergraduate formula. The successor of « is a together with « itself as a new element. A limit ordinal A is the
union of all ordinals § smaller than A.

Graduate formula. At stage «, F of « is determined by a rule G applied to the entire earlier restriction of F
below a. This is the general form of transfinite recursion.

Why the advanced view is useful

Ordinal ranks prove termination and organize dependency depth when each step strictly decreases a well-

founded measure. Closure ordinals describe when monotone recursive analyses finally stabilize.

Diagnostic lineage. Cord of Activity was named partly because ‘cord’ contains ‘ord’; the source presents this as wordplay. No
transfinite order is claimed.

Validity boundary

Finite datasets do not become transfinite because counters are large. The value lies in well-founded order and

limit-stage logic, rather than in unusual numbering.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Phase

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Mathematical physics; signal processing ¢ Overview

page 1 of 2 e diagnostic reference®

No mathematical knowledge required

Two repeating jobs may run equally often but start at different points in their cycles. Their position within the cycle
is their phase, and it determines when they collide. Phase can also mean an operating stage such as startup, steady
running, degradation, or recovery. Identifying the phase keeps diagnostics from comparing events from different
stages as though they belonged to one unchanged situation.

Undergraduate mathematics

For a sinusoid Acos(wt + ¢), ¢ is phase. Relative phase controls reinforcement and cancellation. In dynamical
systems, phase space means the space of possible states, while in thermodynamics a phase is a regime such as
liquid or solid. Diagnostic work uses all three senses: waveform alignment, state-space trajectory, and operational
regime. The intended meaning should be named explicitly.

Formula: x(t) = Acos(wt + ¢)
Graduate mathematics
Phase can be defined through analytic signals, isochrons near limit cycles, order parameters at phase transitions,
or symplectic phase spaces. Noisy and nonstationary telemetry requires phase-unwrapping and uncertainty
handling. Regime phases may be latent states in switching models rather than geometric angles. For a diagnostic
phase claim, we should specify the observable, reference cycle or order parameter, and transition rule. Otherwise,
phase labels may become subjective segmentation.

Formula: VO(x) - f(x) = w

' N\ ( Y ( )
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Figure 59. Three explanatory views of Phase.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Phase — terminology and practical value

Concept 59 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A sinusoid has a simple angular phase. Graduate dynamical systems define phase geometrically around a stable
cycle using isochrons, while statistical regime ‘phases’ require a separate order parameter or latent-state model.

Key terms used above

phase angle — The position within one cycle of an oscillation, usually measured relative to a reference.

relative phase — The angular offset between two oscillations, determining alignment, reinforcement, or cancellation.
phase space — The space of all states needed to determine the system’s evolution.

limit cycle — An isolated periodic orbit approached by nearby trajectories.

isochron — A set of states that converge to the same asymptotic phase on a stable limit cycle.

Reading the formulas

Undergraduate formula. The signal has amplitude 4, angular frequency w, and phase offset ¢p. Changing ¢
shifts the cycle in time without changing its amplitude or frequency.

Graduate formula. The gradient of phase @ dotted with vector field f equals angular frequency w. Along a
trajectory, phase therefore advances at a constant rate.

Why the advanced view is useful

Phase exposes misalighment among recurring jobs, retry waves, or resource cycles. Cycle-relative summaries
can compare corresponding operational moments more clearly than wall-clock timestamps.

Validity boundary

Noisy, drifting, or nonperiodic telemetry may have no stable phase. The observable, reference cycle,

unwrapping rule, and uncertainty must be specified.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Piecewise linear functions

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Numerical methods; change-point analysis ¢ Overview

page 1 of 2 e diagnostic reference®®

No mathematical knowledge required

A metric may rise steadily, stay flat, then fall steadily. Joining one straight segment for each stage produces a
piecewise linear description. The points where the slope changes are breakpoints. In diagnostics, they can mark a
throttle turning on, a queue filling, a cache warming, or recovery beginning. The simple segments make the trend
easy to explain without fitting every small fluctuation.

Undergraduate mathematics

A function is piecewise linear when its domain is partitioned into regions on each of which the function is affine. It
is continuous if neighboring segments meet, but its derivative may jump at knots. Linear interpolation, segmented
regression, and ReLU networks produce such functions. For diagnostics, estimated slopes quantify each regime and
knot locations estimate change points.

Formula: f(x) = mjx + b; (x € Ij)
Graduate mathematics

Piecewise-linear geometry supports polyhedral complexes, splines, tropical methods, and hybrid-system models.
Convex piecewise-linear functions are maxima of finitely many affine functions; nonconvex forms need richer
representations. Knot selection trades fit against complexity and can be handled with total-variation or change-
point penalties. In the diagnostic interpretation, we should include uncertainty in both slopes and breakpoints,
especially when irregular sampling or delayed measurements smear a true transition.

Formula: fQ; 4 v) =XiAif(vy), 24,20, X4, =1
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Figure 60. Three explanatory views of Piecewise linear functions.
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Piecewise linear functions — terminology and practical value

Concept 60 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Segmented lines make regime-specific slopes explicit. Graduate piecewise-linear geometry extends this to
triangulated domains, where vertex values determine each affine piece and optimization controls how many knots
are justified.

Key terms used above

affine function — A linear transformation plus an offset, represented in one dimension by slope times x plus intercept.
knot — A boundary where one linear piece changes to another.

polyhedral complex — A collection of compatible flat-sided regions supporting piecewise-linear geometry in several
dimensions.

barycentric coordinates — Nonnegative weights summing to one that express a point as a combination of simplex
vertices.

total-variation penalty — A regularizer discouraging too many or too-large changes in slope or level.

Reading the formulas

Undergraduate formula. On interval [;, f has slope m; and intercept b;. Different intervals may have different
parameters, with continuity imposed separately if desired.

Graduate formula. Inside a simplex, barycentric weights A; are nonnegative and sum to one. The formula says
that an affine function maps the weighted point to the same weighted combination of vertex values; without
those constraints the statement would incorrectly demand linearity.

Why the advanced view is useful

Piecewise-linear models reveal thresholds, saturation, and changing response slopes while remaining
interpretable. They support fast interpolation, change-point estimates, and exact analysis of ReLU-style
models.

Validity boundary

Knot choice can overfit noise or smear delayed transitions. Uncertainty in breakpoints and slopes should be
reported, especially with sparse or irregular samples.
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Poincaré map, Poincaré section

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Dynamical systems; recurrence analysis ¢ Overview

page 1 of 2 ¢ diagnostic reference®

No mathematical knowledge required

Suppose we watch a runner on a track only when the runner crosses the finish line. Recording the state at that
same checkpoint on every lap turns continuous movement into a sequence of snapshots. The checkpoint is a
Poincaré section, and the rule linking one crossing to the next is a Poincaré map. In diagnostics, we can use this
idea to reveal drift, competing cycles, or unstable repetition.

Undergraduate mathematics

For a flow in phase space, choose a transversal section X. The first-return map P: Y — X sends one crossing to the
next. A periodic orbit becomes a fixed point of P, and stability is studied through the derivative of P. A diagnostic
return map can compare cycle-to-cycle latency, queue state, or memory footprint while filtering variation inside
each cycle.

Formula: P(X) = ¢y(x)(x)
Graduate mathematics
Poincaré maps reduce dimension and connect Floquet theory, bifurcations, invariant manifolds, and chaotic
dynamics. They may be discontinuous or undefined when trajectories fail to return, graze the section, or hit
singularities. A diagnostic section must be genuinely transversal and event definitions must be stable. Missing
returns can themselves be evidence, but censoring them would bias the inferred map and stability.

Formula: p(DP(x*)) < 1 = x" is locally asymptotically stable
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Figure 61. Three explanatory views of Poincaré map, Poincaré section.
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Poincaré map, Poincaré section — terminology and practical value

Concept 61 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Sampling a flow once per cycle reduces continuous dynamics to an iteration on a section. Graduate stability
analysis studies the derivative of that return map and its eigenvalues instead of following every within-cycle detail.
Key terms used above

flow — Continuous-time evolution represented by maps ¢, from initial states to states after time t.
transversal section — A lower-dimensional surface crossed by trajectories rather than followed tangentially.
return time — The elapsed time until a trajectory next reaches the selected section.

return map — The map sending one section crossing to the next crossing.

spectral radius — The largest absolute value among a linear map’s eigenvalues.

Reading the formulas

Undergraduate formula. P of x equals the flow from x for its first return time 7 of x. The result is the next
intersection of the trajectory with the section.

Graduate formula. If the spectral radius of the derivative of P at fixed point x* is less than one, the return-map
fixed point is locally asymptotically stable, giving transverse attraction to the corresponding periodic orbit.

Why the advanced view is useful

Cycle-to-cycle maps expose drift in queue depth, latency, memory, or control state while filtering repeatable
intra-cycle motion. Missing or delayed returns can be diagnostic signals themselves.

Diagnostic lineage. Poincaré Trace fixes a coordinate value and assembles a cross-section-like trace from concurrent activities.
It does not, by itself, define a transversal first-return map, so the relationship is heuristic.

Validity boundary

The section must be transversal and crossings reliably detected. Grazing, skipped returns, changing cycles, and
censoring can make the return map discontinuous, biased, or undefined.
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Polynomials

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Approximation; algebraic geometry ¢ Overview page 1 of 2 e

diagnostic reference®?

No mathematical knowledge required

A polynomial is a calculation built by adding fixed amounts of a value, its square, its cube, and possibly higher

powers. Simple polynomials can describe a straight trend or a smooth bend. In diagnostics, we may use one to
approximate how latency changes with load. A very complicated polynomial can copy noise and behave badly
outside the observed range, so the simplest adequate description is usually safer.

Undergraduate mathematics

A polynomial p(x) = ¢y + ¢y x + -+ + ¢, x™ has degree n when c,, is nonzero. Multivariate polynomials describe
interactions and their zero sets define algebraic curves and surfaces. Polynomial regression is linear in coefficients
even when nonlinear in inputs. Roots, derivatives, and factorization reveal turning points and shared components,
but numerical conditioning and extrapolation require care.

Formula: p(x) = co + c1x + -+ + cpx™
Graduate mathematics

Polynomial rings, ideals, varieties, Grobner bases, and invariant theory turn systems of equations into algebraic
structure. Over different fields, factorization and root behavior change. Diagnostic constraints can sometimes be
encoded polynomially, enabling elimination or sum-of-squares methods. Real telemetry seldom obeys exact
algebraic equations; residuals, uncertainty, identifiability, and model selection must accompany any claim that a
failure boundary or invariant is polynomial.

Formula: V(I) = {x: f(x) = 0Vf €}
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Figure 62. Three explanatory views of Polynomials.
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Polynomials — terminology and practical value

Concept 62 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary polynomials model smooth interactions and locate roots. Graduate algebra treats whole systems of
polynomial constraints through ideals and varieties, making elimination and invariant reasoning possible.

Key terms used above

degree — The largest exponent with a nonzero coefficient, controlling broad algebraic complexity.

root or zero — An input at which the polynomial evaluates to zero.

ideal — A set of polynomials closed under addition and under multiplication by arbitrary polynomials from the ring.
variety — The common zero set of a collection of polynomials.

Grobner basis — A specially organized generating set that enables systematic elimination and solving in a polynomial
ideal.

Reading the formulas

Undergraduate formula. p of x is a finite sum of powers from x to the zero power through x to the n, with
coefficients ¢, through c,. The leading nonzero coefficient determines the degree.

Graduate formula. V of ideal I is the set of all points x at which every polynomial f belonging to I vanishes. It
converts an algebraic constraint system into a geometric solution set.

Why the advanced view is useful

Polynomial models support interpretable nonlinear trends, interactions, threshold roots, and algebraic
elimination of hidden variables. Exact invariants can expose impossible combinations in a formal system model.

Validity boundary

Telemetry rarely satisfies exact polynomial equations. Conditioning, extrapolation, residual uncertainty,
identifiability, and field choice must accompany any algebraic claim.
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Posets

Primary family: Graphs, combinatorics, and order ¢ Secondary lenses: Causality; information order ¢ Overview page 1 of 2 e

diagnostic reference®?

No mathematical knowledge required

Some items have a clear order while others do not. One task may have to finish before another, but two
independent tasks need not be forced into an order. A collection with this kind of partial ordering is called a poset.
In diagnostics, it can record causal precedence, containment, or increasing information while leaving concurrent or
genuinely unrelated items incomparable.

Undergraduate mathematics

A poset (P, <) has a reflexive, antisymmetric, transitive relation. Chains are totally ordered subsets; antichains
contain incomparable elements. Minimal and maximal elements differ from least and greatest elements. Happens-
before events form a poset when cycles are absent, and set inclusion orders evidence collections. Hasse diagrams
show cover relations; linear extensions enumerate total orders consistent with the partial information.

Formula: x < x;, xS y<x>x=y, x<y<z>x<Z
Graduate mathematics

Posets support incidence algebras, Mobius inversion, order topology, dimension theory, domains, and categorical
thinness. Causal inference, scheduling, and abstract interpretation exploit different orders. For a diagnostic model,
we must define whether < means time, causality, refinement, severity, or reachability; combining these into one
order can violate antisymmetry or transitivity. Preorders or multi-orders may better represent noisy equivalence
and several independent notions of comparison.

Formula: (f x g)(x,2) = Yys<y<: f (x,¥)9(v,2)
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Figure 63. Three explanatory views of Posets.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Posets — terminology and practical value

Concept 63 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A poset records only comparisons justified by the model. Graduate incidence algebra performs calculation on its
intervals, while order topology, dimension, and domain theory extract different structural views.

Key terms used above

partial order — A reflexive, antisymmetric, and transitive comparison that may leave some pairs incomparable.
chain and antichain — A chain has all pairs comparable; an antichain has no distinct comparable pair.

linear extension — A total order preserving every comparison in a partial order.

incidence algebra — Functions on comparable intervals, equipped with convolution.

M0obius inversion — An order-theoretic technique recovering local values from cumulative sums over lower intervals.

Reading the formulas

Undergraduate formula. The three clauses state reflexivity, antisymmetry, and transitivity. Antisymmetry says
two-way comparison forces equality, not merely equivalence.

Graduate formula. The convolution f star g at interval x, z sums f of x, y times g of y, z over every
intermediate y between x and z. It is the order analogue of matrix multiplication.

Why the advanced view is useful

Posets model happens-before, information refinement, severity, and reachability without inventing

comparisons. Chains reveal serial depth; antichains expose concurrent or mutually incomparable evidence.

Related theoretical framing. The Fourth Edition proposes memory evidence as a partially ordered software execution trace (pp. 86—
87), retaining only comparisons justified by the evidence. This is a candidate poset construction once reflexivity, antisymmetry, and
transitivity are verified for the chosen relation.

Validity boundary

Time, causality, severity, and information are different orders. Combining them can break transitivity or
antisymmetry, requiring preorders or multiple coordinated orders.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Powerset

Primary family: Logic, sets, and foundations e Secondary lenses: Combinatorics; search spaces ¢ Overview page 1 of 2 ¢ diagnostic

reference®3

No mathematical knowledge required

Suppose we start with a list of suspected components and form every possible suspect group, including no
components and the complete list. The collection of all those groups is the powerset. It supports exhaustive
reasoning about combinations. The drawback is rapid growth: four components already produce sixteen groups,
and adding more components soon makes complete search expensive.

Undergraduate mathematics

For a set X with n elements, P(X) = {4: A € X} has 2" elements. Ordered by inclusion, it is a Boolean lattice with
union, intersection, and complement. Diagnostic rules may search subsets of features, components, or events. The
exponential size motivates pruning, monotonicity, greedy methods, or closed-itemset mining rather than naive
enumeration.

Formula: |P(X)| = 21¥!
Graduate mathematics

Powersets form a monad on Set and a contravariant functor under inverse image; their algebras connect to
complete join-semilattices. In semantics, nondeterministic transitions map states to subsets of possible next
states. Diagnostic uncertainty can similarly use sets of candidate states, but probabilities or evidence weights are
lost. Symbolic representations such as BDDs, antichains, or closure systems can compress structured families of
subsets.

Formula: uy: PPX - PX, ux(A) =UA
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Figure 64. Three explanatory views of Powerset.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Powerset — terminology and practical value

Concept 64 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

The powerset contains every possible selection, which grows exponentially. Graduate semantics views it as a
monad for nondeterminism: singleton introduces a certain result and union flattens a set of alternative sets.

Key terms used above

subset — A collection whose every element belongs to the original set.

Boolean lattice — The powerset ordered by inclusion, with union as join, intersection as meet, and complement.
monad — A functor equipped with unit and flattening operations satisfying associativity and identity laws.
nondeterminism — A state having a set of possible next states rather than one determined successor.

binary decision diagram — A compact graph representation of a Boolean function or structured family of subsets.

Reading the formulas

Undergraduate formula. A finite set X has two to the power of its size subsets because every element
independently has two choices: included or excluded.

Graduate formula. The multiplication u of the powerset monad takes a set of subsets <A and returns their
union. It flattens two layers of possible choice into one layer.

Why the advanced view is useful

Powersets model candidate causes, possible states, feature selections, and nondeterministic transitions. Lattice

order supports pruning, closure, and antichain compression.

Diagnostic lineage. Error Powerset (p. 124) explicitly forms all subsets of a chosen set of error codes or exceptions so combinations can
be searched and reasoned about. This directly uses the powerset construction, although exhaustive enumeration remains exponential.

Validity boundary

Explicit enumeration is exponential, and unweighted sets discard probability and evidence strength. Symbolic
or probabilistic representations may be necessary.
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Presheaves

Primary family: Category theory and higher structures e Secondary lenses: Topology; contextual data ¢ Overview page 1 of 2 e

diagnostic reference®*

No mathematical knowledge required

Suppose we have one evidence folder for every scope: the whole system, each service, and each time window. A
presheaf also gives a consistent rule for narrowing information from a larger scope to a smaller one. Narrowing
directly or in several steps must give the same result. It does not yet promise that separate local folders can be
combined into one complete global incident story.

Undergraduate mathematics

On a topological space X, a presheaf F assigns an object F(U) to each open set U and a restriction map F(U) —
F(V) when V C U, satisfying identity and composition. It is a contravariant functor from the open-set category to
sets, groups, or other categories. Diagnostic windows, scopes, and permissions naturally induce such restriction
maps.

Formula: F:C°P? - Set, pyw = PywPuv

Graduate mathematics

Presheaf categories are toposes with limits, colimits, exponentials, and a rich internal logic. The Yoneda lemma
represents objects through their maps, while sheafification enforces local-to-global gluing. In diagnostics,
presheaves can model context-dependent evidence, schemas, or hypotheses even when global consistency fails.
The base site and coverage notion determine locality; using arbitrary subsets without meaningful restriction
semantics produces only an indexed collection, not a useful presheaf model.

Formula: F(U) = Nat(hy, F)
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Figure 65. Three explanatory views of Presheaves.
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Presheaves — terminology and practical value

Concept 65 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A presheaf is more than context-indexed data: every inclusion carries a coherent restriction. Graduate presheaf
categories provide an internal logic, and Yoneda shows that an object is understood through all maps into it.

Key terms used above

section — An item of data, observation, or hypothesis valid over one chosen context or region.
restriction map — The operation that narrows a section from a larger context to a smaller one.
contravariant functor — A functor reversing inclusions: a smaller region receives data by restricting from a larger region.

representable presheaf and Yoneda lemma — The representable presheaf h; records maps into U. The Yoneda lemma
says transformations from hy; to F correspond naturally and uniquely to sections of F over U.

natural transformation — A context-compatible family of maps between presheaves.

Reading the formulas

Undergraduate formula. F reverses arrows from category C into sets. Restricting directly from U to W equals
first restricting from U to V and then from V to W.

Graduate formula. Sections of F over U correspond naturally to transformations from the representable
presheaf hy into F. This is the Yoneda lemma in presheaf form.

Why the advanced view is useful

Presheaves model evidence that changes with time window, component scope, tenant, or permission.
Coherent restrictions preserve provenance when we move between broader and narrower contexts. See also:

Sheaves; Structure sheaf.

Related theoretical framing. ‘Debugging and Category Theory’ (pp. 319-330) gives the book’s longest mathematical construction,
mapping execution contexts contravariantly to sets of artifacts or messages. It is a motivating model; the restriction maps and functor

laws must be stated explicitly for a literal presheaf.

Validity boundary

Arbitrary indexed files do not form a useful presheaf without meaningful restriction semantics. Global gluing is
not guaranteed until the stronger sheaf axioms hold.
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Projective spaces

Primary family: Geometry and topology e Secondary lenses: Algebraic geometry; scale invariance ¢ Overview page 1 of 2 e

diagnostic reference®s

No mathematical knowledge required

A photograph preserves direction and proportion even when an object appears larger or smaller. Projective space
follows a similar idea: values with the same proportions are treated as one point, so overall scale is ignored. In
diagnostics, two metric profiles with the same CPU-memory-network balance can match even when total traffic
differs. This is useful only when scale truly does not matter.

Undergraduate mathematics

Real projective n-space RP" is the set of one-dimensional subspaces of R"**1, written in homogeneous

coordinates [x,: ...: x,,] where common nonzero scaling changes nothing. A diagnostic feature vector can be

normalized projectively when only relative proportions matter. Coordinates with zeros, sign, and the all-zero

vector require careful treatment, and absolute magnitude must not be discarded if it carries failure information.
Formula: P*(k) = (k™*1\ {0})/k*

Graduate mathematics

Projective varieties, line bundles, duality, and compactification make projective space central to algebraic
geometry. Quotienting by scalar action produces nontrivial topology and stabilizers over different fields. Statistical
compositional data often uses simplex or log-ratio geometry instead, because positivity and totals matter. For a
diagnostic projective model, we should justify scale invariance and choose an appropriate field; otherwise
normalization may collapse low-load and overload states that share ratios.

Formula: [xg: 1 x,] = [Axg: -+ 1 Axy,]
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Figure 66. Three explanatory views of Projective spaces.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Projective spaces — terminology and practical value

Concept 66 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Projective space keeps direction or proportion while discarding common scale. Graduate algebraic geometry uses
this quotient to treat points at infinity, homogeneous equations, line bundles, and duality uniformly.

Key terms used above

one-dimensional subspace — All scalar multiples of one nonzero vector, treated as a single projective point.

homogeneous coordinates — Coordinates written in brackets and considered equivalent under common nonzero
scaling.

scalar action — Multiplying every coordinate by the same nonzero field element.

projective variety — A polynomially defined geometric object in projective space, using homogeneous equations.

compactification — Adding ideal points at infinity so an affine space fits into a larger, often better-behaved space.

Reading the formulas

Undergraduate formula. Projective n-space over field k consists of nonzero vectors with n + 1 coordinates,
where vectors differing by multiplication by a nonzero scalar are identified.

Graduate formula. The coordinate lists x, through x,, and 1 times those coordinates name the same projective
point for every nonzero A.

Why the advanced view is useful

Projective normalization is useful when ratios among diagnostic features matter but overall magnitude truly
does not. It can compare shapes of resource mixtures across scales.

Validity boundary

The zero vector has no projective point, and discarded magnitude may distinguish idle from overload. Positive
compositional data may require simplex or log-ratio geometry instead.
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Quotient groups

Primary family: Algebra and algebraic structures e Secondary lenses: Symmetry; abstraction ¢ Overview page 1 of 2 ¢ diagnostic

reference®®

No mathematical knowledge required

Suppose several execution changes differ only by an approved renaming. We decide that those versions count as
the same action, while still requiring combined actions to behave consistently. The simplified set of rules is a
quotient group. In diagnostics, we can use this idea to study behavior after harmless differences are ignored. The
ignored differences must be compatible with every allowed combination, or the result becomes ambiguous.

Undergraduate mathematics

For a group G and normal subgroup N, the quotient G /N consists of cosets gN with (gN)(hN) = ghN. Normality
ensures the operation is well defined. A diagnostic symmetry group might act by renaming replicas; quotienting by
harmless symmetries leaves operationally distinct transformations. If the subgroup is not normal, cosets still exist
but do not form a quotient group in the same way.

Formula: (gN)(hN) = ghN (N 2 G)
Graduate mathematics

Quotient groups are cokernels in Grp. By the first isomorphism theorem, G /kerf is isomorphic to imf. Extensions
study how G is built from N and G /N. For diagnostic quotienting, we should identify a homomorphism whose
kernel captures exactly the ignored transformations. Approximate equivalence, time warping, or noninvertible
rewrites generally do not form a normal subgroup and may require groupoids, monoids, or congruence quotients

instead.
Formula: G/kerf = im(f)
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Figure 67. Three explanatory views of Quotient groups.

DumpAnalysis.org Page 137


https://www.dumpanalysis.org/blog/index.php/2014/02/12/trace-analysis-patterns-part-78/
https://www.dumpanalysis.org/blog/index.php/2014/02/12/trace-analysis-patterns-part-78/

MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Quotient groups — terminology and practical value

Concept 67 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Quotienting declares a normal subgroup of transformations operationally invisible. Graduate algebra identifies
such quotients as homomorphic images and studies what additional extension data are needed to reconstruct the
original group.

Key terms used above

normal subgroup — A subgroup invariant under conjugation, ensuring left and right cosets agree and quotient
multiplication is well defined.

coset — A translated copy gN of a subgroup N inside a group G.
homomorphism — A map preserving the group operation and identity.

kernel and first isomorphism theorem — The kernel is the subgroup mapped to the identity. The first isomorphism
theorem says quotienting the source by that kernel produces a group isomorphic to the image actually reached.

group extension — A group assembled from a normal subgroup and a quotient, together with data describing how they
interact.

Reading the formulas

Undergraduate formula. Multiplying cosets gN and hN gives the coset ghN. Normality of N ensures that
choosing different representatives produces the same result.

Graduate formula. The first isomorphism theorem says G divided by the kernel of homomorphism f is
isomorphic to the image actually reached by f.

Why the advanced view is useful

Quotient groups formalize removal of harmless invertible symmetries, such as consistent replica renaming,

while preserving the remaining transformation structure.

Validity boundary

Approximate matching, time warping, and irreversible rewrites may not form a normal subgroup. They may

require monoids, groupoids, or general congruence quotients.
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Quotient space

Primary family: Geometry and topology ¢ Secondary lenses: Equivalence relations; abstraction ¢ Overview page 1 of 2 ¢ diagnostic

reference®’

No mathematical knowledge required

Suppose we take a detailed map and glue together every pair of points that we have chosen to treat as the same.
Each glued group becomes one point in a quotient space. In diagnostics, we might collapse traces differing only by
timestamp shifts, host names, or repeated boilerplate. The simpler map highlights common incident shape, but it
may hide distinctions that a later investigation needs.
Undergraduate mathematics
Given a topological space X and equivalence relation ~, X/~ is the set of classes with the quotient topology: U is
open when its preimage under the projection is open. Gluing endpoints of an interval makes a circle. In
diagnostics, canonicalization defines the equivalence classes; continuity of downstream features depends on the
quotient topology, not only on string equality.

Formula: U € X/ ~ open & q~'(U) openin X
Graduate mathematics
Quotients are coequalizers and may fail desirable separation properties. Group actions yield orbit spaces, often
with singular strata; homotopy quotients retain symmetry information lost by ordinary orbit spaces. For diagnostic
abstraction, we should test whether preserved queries descend to the quotient and whether provenance permits
lifting a class back to representatives. If equivalent states have different future behavior, the quotient is not
behaviorally sound even if it simplifies visualization.

Formula: f constanton classes = 3!f: f = fogq
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Figure 68. Three explanatory views of Quotient space.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Quotient space — terminology and practical value

Concept 68 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Set-level quotienting collapses classes. The quotient topology adds the minimal continuity semantics needed for
downstream analysis, while graduate homotopy quotients preserve symmetry data that ordinary orbit spaces
discard.

Key terms used above

equivalence class — All points intentionally identified with one another under the chosen relation.
quotient map — The projection sending each original point to its equivalence class.

quotient topology — The strongest topology on the classes making the quotient map continuous.
coequalizer — A universal construction forcing two parallel maps to become equal.

homotopy quotient — A quotient retaining additional information about the symmetry action instead of keeping only
orbits.

Reading the formulas

Undergraduate formula. A set U of equivalence classes is open exactly when all original points mapping into U
form an open subset of X. This defines the quotient topology through the projection q.

Graduate formula. If f is constant on equivalence classes, there is exactly one map fon the quotient whose
composition with g reproduces f. This universal factorization is the operational test that f descends.

Why the advanced view is useful

Quotients support canonicalization and symmetry reduction while allowing preserved queries to run directly on

classes. Recording q keeps a route back to representative evidence. See also: Equivalence relation.

Validity boundary

Quotients can lose separation or future behavior. If equivalent states lead to different outcomes, the
abstraction is behaviorally unsound even when visually convenient.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Residue

Primary family: Calculus, analysis, and dynamical systems ¢ Secondary lenses: Complex analysis; forensic evidence ¢ Overview page 1

of 2 « diagnostic reference®®

No mathematical knowledge required

In everyday language, residue is what remains after an event. The mathematical meaning is more specific: it is a
small local value that captures important behavior around a special trouble point in a complex calculation. In
diagnostics, we can borrow the idea by looking for a compact signature left around a fault. The analogy is useful
only if that local signature is clearly defined.

Undergraduate mathematics

If f has a Laurent expansion near z,, its residue is the coefficient of (z — z,)~!. The residue theorem says a
contour integral equals 27i times the sum of enclosed residues. A diagnostic analogue surrounds a suspected fault
region, extracts a stable local signature, and lets that signature account for a global cyclic aggregate. Ordinary
leftover bytes are not mathematical residues without an analytic model.

Formula: Res(f,zy) = a_; if f(2) = Ypezan (z — zp)"
Graduate mathematics

Residues extend to meromorphic differential forms, several complex variables, algebraic geometry, and
cohomological duality. They localize global integrals at singularities and often remain invariant under deformation
of the contour. For diagnostic localization, we can borrow this principle by choosing an invariant boundary
observable whose global value decomposes into local defect contributions. A literal residue calculation requires
complex-analytic or algebraic structure, orientation, and isolated singularities; otherwise the term should remain
explicitly metaphorical.

Formula: §yf (2) dz = 21i 3.y, cinty Res (f, zy)

g N\ N\ 7 “\
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Figure 69. Three explanatory views of Residue.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Residue — terminology and practical value

Concept 69 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A residue extracts one local coefficient near a singularity. The graduate residue theorem shows that the sum of
those local coefficients controls a global contour integral and remains stable under boundary deformation that
crosses no singularity.

Key terms used above

Laurent series — A power series around a point that permits finitely or infinitely many negative powers.
isolated singularity — A point where a function is not holomorphic but is holomorphic throughout some punctured
neighborhood.

residue and residue theorem — A residue is the coefficient of the negative-first-power term in a Laurent expansion. For
a function holomorphic except at isolated enclosed singularities, the residue theorem converts the contour integral
into 2mi times the sum of those residues.

contour — An oriented closed curve along which a complex line integral is taken.

meromorphic — Holomorphic except at isolated poles.

Reading the formulas

Undergraduate formula. The Laurent expansion ranges over all integers n, so negative powers are included.
The residue at z, is coefficient a_; of (z — z,)™%; without n € Z the display would be only a Taylor series.

Graduate formula. The integral of f around closed contour y equals 2ri times the sum of residues of
singularities z, enclosed by the contour.

Why the advanced view is useful

The localization principle suggests designing a boundary observable whose global imbalance decomposes into
stable contributions from isolated fault regions.

Validity boundary

Leftover bytes or unexplained counts are not mathematical residues. A literal computation needs complex-
analytic or algebraic structure, orientation, and suitable isolated singularities.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Retraction

Primary family: Geometry and topology ¢ Secondary lenses: Homotopy; dimensional reduction ¢ Overview page 1 of 2 e diagnostic

reference®

No mathematical knowledge required

Suppose we snap every noisy trace onto a simpler core skeleton. Any trace already on the skeleton stays exactly
where it is. A reduction with this stay-fixed rule is called a retraction. In diagnostics, it separates essential activity
from surrounding detail while guaranteeing that the chosen core is not altered by the reduction. An ordinary
compression does not necessarily provide that guarantee.

Undergraduate mathematics

If A € X, aretraction is a continuous r: X —» A with r(a) = a for all a € A. Then A is a retract of X. A deformation
retraction additionally provides a homotopy from the identity on X to the inclusion followed by r. Projecting
diagnostic trajectories onto a normal-operation manifold resembles retraction only if continuity and the identity-
on-core property hold.

Formula: A > X 5 A, roi=1,
Graduate mathematics
Retracts preserve selected topological information and impose algebraic constraints; for example, inclusion
induces split maps on homotopy or homology. Strong deformation retracts formalize topology-preserving
simplification. When using skeletonization or state reduction in diagnostics, we should record whether it is an
exact retract, approximate nearest-point projection, or learned encoder. Singularities, nonunique projections, and
disconnected basins can make a global retraction impossible even when local reduction appears plausible.

Formula: 1.i, = 1 = i, injective and r; surjective
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Figure 70. Three explanatory views of Retraction.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Retraction — terminology and practical value

Concept 70 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Projection onto a core becomes a retraction only when core points are fixed exactly. Graduate topology tracks the
induced maps on homology or homotopy, proving which information must survive the reduction.

Key terms used above

inclusion — The map placing a subspace A into its ambient space X without changing its points.

retraction — A map from X back to A that acts as the identity on points already in A.

deformation retraction — A retraction accompanied by a continuous deformation of all X onto A.

induced map — The homomorphism that a continuous map creates on an invariant such as homology or homotopy.
split injection or surjection — A map with a one-sided inverse, forcing injectivity or surjectivity respectively.

Reading the formulas

Undergraduate formula. Inclusion i places A inside X and retraction r returns to A. Their composite r after i is
the identity on A, so points already in the core do not move.

Graduate formula. On an induced invariant, 7, after i, is the identity. Therefore i, is injective and 7;, is
surjective: information from A embeds in X and can be recovered.

Why the advanced view is useful

Retractions formalize topology-preserving skeletonization and projection onto normal-operation cores. They
distinguish exact reversible-on-core reduction from an approximate encoder.

Validity boundary

Nearest-point projections can be nonunique or discontinuous, and a global retraction may be topologically
impossible despite plausible local projections.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Riemann surfaces, multivalued functions

Primary family: Geometry and topology e Secondary lenses: Complex analysis; branched coverings ¢ Overview page 1 of 2 e

diagnostic reference’®

No mathematical knowledge required

Some calculations can give several valid answers. Instead of mixing the answers, suppose we place each one on a
separate sheet and join the sheets only where moving from one answer to another is allowed. This joined stack is
the basic picture of a Riemann surface. In diagnostics, linked sheets can preserve several context-dependent
interpretations of one observed state and show where the interpretation changes.
Undergraduate mathematics
A Riemann surface is a one-complex-dimensional manifold with holomorphic transition maps. Multivalued analytic
functions become single-valued on suitable covering or branched-covering surfaces. For vz, two sheets exchange
around a branch point. A diagnostic analogue tracks alternate state reconstructions and their continuation as
evidence changes, with branch points marking ambiguous or regime-changing observations.

Formula: w" = z
Graduate mathematics
Analytic continuation, monodromy, divisors, sheaves, and algebraic curves organize Riemann surfaces. Branching is
encoded by ramification, and the Riemann existence theorem connects covers to monodromy data. Diagnostic
branching should not be forced into a surface unless local complex coordinates and continuation laws exist;
nevertheless, covering-space semantics can rigorously represent context-sensitive interpretations, versioned
schemas, or alternate causal histories that permute around ambiguity loops.

Formula: p:71y(B,by) = S,
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Figure 71. Three explanatory views of Riemann surfaces, multivalued functions.

DumpAnalysis.org Page 145


https://www.dumpanalysis.org/blog/index.php/2009/02/23/riemann-programming-language/

MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Riemann surfaces, multivalued functions — terminology and practical value

Concept 71 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A multivalued expression becomes a single-valued function when lifted to the right multi-sheeted surface.
Graduate theory records how branches permute around loops through a monodromy representation.

Key terms used above

holomorphic chart — A complex coordinate chart whose transition functions are complex differentiable.
analytic continuation — Extending a locally defined analytic function along a path while preserving local agreement.
branched covering — A many-sheeted map that is locally a covering except at branch points where sheets merge.

monodromy and Riemann existence theorem — Monodromy is the permutation of branches produced by continuation
around a loop. The Riemann existence theorem says finite branched covers are determined, up to equivalence, by
compatible transitive permutation data around their branch points.

ramification — The local multiplicity and branching behavior above a branch point.

Reading the formulas

Undergraduate formula. The equation w to the n equals z has n local choices for w away from branch points.
A suitable Riemann surface treats those choices as points on different sheets of one function.

Graduate formula. The monodromy homomorphism sends each loop in base B to a permutation of n sheets.
Homotopic loops produce the same permutation, and loop composition matches permutation multiplication.

Why the advanced view is useful

Covering-space semantics can track alternate state reconstructions or schema interpretations as evidence

changes, with loops around ambiguity permuting the alternatives.

Validity boundary

A diagnostic branching model need not be complex analytic. Calling it a Riemann surface requires local complex
coordinates and analytic continuation laws; otherwise use covering-space language only.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Rough sets

Primary family: Uncertainty, approximation, and measurement e Secondary lenses: Classification; knowledge representation e

Overview page 1 of 2 e diagnostic reference’!

No mathematical knowledge required

Limited evidence may not define a precise boundary around a failure. Some observations definitely belong to it,
some definitely do not, and others cannot be classified with the available fields. A rough set records both the
definite core and the larger possible region. In diagnostics, the gap between them states exactly what current
telemetry cannot distinguish instead of hiding the uncertainty.

Undergraduate mathematics

Given an indiscernibility relation, the lower approximation of A contains equivalence classes entirely inside A4; the
upper approximation contains classes that intersect A. Their difference is the boundary region. Attribute reduction
seeks smaller feature sets preserving classification power. Rough-set analysis can identify certain and possible
diagnostic rules without assigning probabilities or fuzzy membership grades.

Riow(4) = {x: [x]R c A}

Formula: g p(4) = {x: [x]g N A % 2}

Graduate mathematics

Rough sets generalize through tolerance, dominance, covering, probabilistic, and decision-theoretic models. The
approximations are induced by a chosen granulation of knowledge, so changing attributes changes what is
discernible. For diagnostic use, we should report the information system, equivalence or neighborhood relation,
and decision classes. A large boundary may reflect genuine ambiguity, coarse instrumentation, noise, or concept
drift; these explanations require separate investigation.

[Riow (4)]
[Rup ()]

r \ ( N ( )

Formula: az(A) =
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Figure 72. Three explanatory views of Rough sets.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Rough sets — terminology and practical value

Concept 72 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Rough sets do not assign fractional membership. They derive certain and possible regions from the chosen
granulation of knowledge. Graduate variants replace equivalence classes with tolerances, coverings, dominance, or
decision-theoretic rules.

Key terms used above

indiscernibility relation — An equivalence relation grouping objects that available attributes cannot distinguish.
granule — One equivalence class or neighborhood representing the smallest unit discernible with current knowledge.
lower approximation — The granules wholly contained in a target set, representing certain membership.

upper approximation — The granules touching a target set, representing possible membership.

boundary region — The difference between upper and lower approximations, where the available attributes cannot
decide membership.

Reading the formulas

Undergraduate formula. The lower approximation contains x when its entire R-class lies inside A. The upper
approximation contains x when its R-class has at least one member in A.

Graduate formula. Accuracy « is the size of the lower approximation divided by the size of the upper
approximation. It is one when certain and possible regions coincide, subject to an agreed empty-set

convention.

Why the advanced view is useful

Rough analysis yields explainable certain and possible diagnostic rules and can identify redundant attributes
without treating ambiguity as probabilistic.

Classification rationale. The Rough sets entry was added in the February 2024 list, without a separate Fifth Edition pattern row, and
Appendix E records no Fourth Edition treatment. Its defining lower and upper approximations from indiscernibility classes justify the
Direct construction classification; this is an editorial classification, not book lineage.

Validity boundary

Results depend on the attributes and relation defining granules. A large boundary may mean coarse
instrumentation, noise, drift, or genuine ambiguity; the ratio alone cannot distinguish them.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Scalar field

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Geometry; telemetry modeling ¢ Overview page 1 of 2

o diagnostic reference34

No mathematical knowledge required

A weather map gives one temperature at every location. A scalar field is any assignment of one number to every
point in a chosen space. For diagnostics, the points might be times, services, memory addresses, or system states,
and the number might be latency, risk, or an anomaly score. Color bands and slopes then reveal hot regions and
directions of rapid change.
Undergraduate mathematics
A scalar field is a function ¢: M = R, or more generally into another field of scalars such as C. On Euclidean space,
its gradient points toward steepest increase and level sets ¢p = ¢ form contours or surfaces. We can sample a
diagnostic field over time-component coordinates or a learned state space, then interpolate it. The chosen
geometry and interpolation determine what ‘nearby’ and ‘smooth’ mean.

Formula: ¢: M - R
Graduate mathematics

On a manifold, a smooth scalar field ¢ has differential d¢, a gradient that depends on a metric, and a Hessian that

depends on a connection. Random fields add covariance structure, while sections of line bundles generalize

globally defined scalars. Diagnostic scalar fields may be sparse, discontinuous, or graph-based, calling for discrete

gradients and uncertainty bands. A heatmap alone is not meaningful until the domain and adjacency are defined.
Formula: dp,(v) = v(p), Vo = g~ (de)
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Figure 73. Three explanatory views of Scalar field.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Scalar field — terminology and practical value

Concept 73 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

In Euclidean coordinates a scalar field looks like a heatmap and its gradient points uphill. Graduate geometry
separates the coordinate-free differential from the gradient, which depends on the metric chosen for the domain.

Key terms used above

scalar field — A rule assigning one scalar value to every point of a domain.
level set — The points where a scalar field takes one chosen value.

covector and differential — A covector is a linear rule that turns a tangent vector into a number. The differential of a
scalar field is the covector recording its first-order change in every tangent direction.

metric — A geometric structure converting covectors to vectors and defining lengths and angles.

gradient — The metric-dependent vector whose inner product with a direction equals the field’s directional change.

Reading the formulas

Undergraduate formula. ¢ maps each point of domain M to one real number. The formula defines a scalar
field without assuming coordinates, smoothness, or a particular physical meaning.

Graduate formula. At point p, differential d¢ applied to tangent vector v equals v differentiating ¢p. The metric
inverse then converts that covector into gradient vector grade.

Why the advanced view is useful

Scalar fields organize anomaly score, latency, density, or risk over time—component or learned state spaces.
Gradients and level sets reveal steep transitions and operational boundaries.

Validity boundary

A colored interpolation is not automatically a meaningful field. Domain adjacency, metric, sampling density,
interpolation, and uncertainty determine what ‘nearby’ and ‘smooth’ mean.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Semigroups

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Dynamical systems; composition e Overview page 1 of 2 e

diagnostic reference?

No mathematical knowledge required

Suppose we join nonempty trace blocks end to end. If changing which pair is joined first never changes the final
trace, the blocks and their joining rule form a semigroup. No empty block or undo operation is required. In
diagnostics, this simple rule lets us process a long trace in chunks and combine the results safely, but only when
regrouping chunks leaves the chosen result unchanged.

Undergraduate mathematics

A semigroup (S,) satisfies (ab)c = a(bc). Transformations closed under composition form a transformation
semigroup, and states acted on by time steps form a semigroup action. Diagnostic event blocks, state transitions,
or summaries can be combined using a semigroup. Without an identity, an empty input may be undefined or
require adjoining one to create a monoid.

Formula: (ab)c = a(bc)
Graduate mathematics

Semigroup theory studies ideals, Green'’s relations, idempotents, regularity, and finite transformation semigroups;

one-parameter semigroups model continuous evolution and operator dynamics. Syntactic semigroups capture

language recognition. Diagnostic composition can use these structures to classify recurrent behaviors and

irreversible transformations. Associativity must be tested in the presence of timestamps, window boundaries,

deduplication, and context, because these often make naive merge operators non-associative.
T(t+s)=T(t)T(s)

Formula: . T(t)x—x
Ax = Jjm Z0x—x
tlo t
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Figure 74. Three explanatory views of Semigroups.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Semigroups — terminology and practical value

Concept 74 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A semigroup needs only associative composition, so it naturally describes irreversible processes without an identity
or inverse. Graduate theory studies its ideals and idempotents, or its continuous-time generator when
transformations depend on time.

Key terms used above

associativity — The law that grouping a sequence of combinations does not change the result.

semigroup action — A compatible way for semigroup elements to transform states.

idempotent — An element e satisfying e times e equals e.

one-parameter semigroup — Time-indexed transformations whose time-s and time-t maps compose to the time-s + ¢t
map.

generator — The infinitesimal operator determining a sufficiently regular continuous one-parameter semigroup.

Reading the formulas

Undergraduate formula. For any a, b, and ¢, multiplying a with b first or b with c first gives the same result.
This permits unambiguous products of longer sequences.

Graduate formula. The time-s + t operator equals the product of the time-t and time-s operators. The
generator A is the right-hand rate of change of T of t applied to x at time zero.

Why the advanced view is useful

Semigroups model event-block composition, irreversible state updates, and streaming summaries when no
meaningful undo operation exists. Generators connect short-time behavior to long-time evolution. See also:
Monoids.

Validity boundary

Window boundaries, timestamps, context, and deduplication can make merges nonassociative. Continuous

semigroup claims also need a topology and continuity assumptions.
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Sheaves

Primary family: Category theory and higher structures e Secondary lenses: Topology; local-to-global reasoning ¢ Overview page 1 of 2

« diagnostic reference’?

No mathematical knowledge required

Different services may each hold one local part of an incident. Where their evidence overlaps, the parts must
agree. A sheaf is a framework in which compatible local parts can be joined into one unique global story. In
diagnostics, successful joining reconstructs the incident across scopes. Failed agreement is also valuable because it
points to missing events, inconsistent clocks, or incompatible interpretations.

Undergraduate mathematics

A sheaf is a presheaf satisfying locality and gluing axioms for every cover. Sections that agree on overlaps glue
uniquely. For traces, sections may be local event assignments over time-component regions, with restrictions to
overlaps. Successful gluing reconstructs a consistent incident view; failure pinpoints conflicting timestamps,
identities, schemas, or assumptions.

Formula: U = UU;,  sily;nu; = Sjluynu; = 3!'s € F(U) with s|y, = s; Vi
i

Graduate mathematics

Sheaf theory supports stalks, étalé spaces, cohomology, derived functors, and descent. Cohomology can measure
obstructions to global consistency, while sheaves on sites generalize locality beyond open sets. Diagnostic sheaves
can integrate heterogeneous evidence without erasing context, but the base space, cover, restriction maps, and
equality notion must be explicit. Approximate agreement may require cellular, probabilistic, or metric-valued
sheaves rather than classical exact gluing.

Formula: F(U) - [[;F (U) 3 [1;; F (U; n U;)
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Figure 75. Three explanatory views of Sheaves.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Sheaves — terminology and practical value

Concept 75 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A presheaf supplies coherent restrictions; a sheaf adds unique local-to-global reconstruction. Graduate
cohomology studies when apparently compatible local evidence still encounters a global obstruction.

Key terms used above

section — A locally valid assignment of data or structure over one region.

restriction — The operation narrowing a section to a smaller region.

locality — Two sections are equal when they agree on every member of a cover.

gluing — Compatible local sections combine into one global section.

stalk — The germ-level information available in arbitrarily small neighborhoods of one point.

Reading the formulas

Undergraduate formula. If every local section s; agrees with every other on overlaps, there exists exactly one
section s over U restricting to all of them.

Graduate formula. The equalizer diagram sends a global section to its local restrictions; the two arrows
compare the two restrictions on every pairwise overlap. For set-valued sheaves no leading zero object is
needed: global sections are exactly the compatible local families.

Why the advanced view is useful

Sheaves preserve context while merging heterogeneous traces. Failed gluing localizes conflicts in timestamp,
identity, schema, permission, or causal assumptions instead of implicitly removing them through averaging.
See also: Presheaves; Structure sheaf.

Diagnostic lineage. Sheaf of Activities compares local evidence from normal and problem traces collected in different
environments. The local-to-global motivation is useful, but sheaf restriction and gluing axioms must still be specified.

Validity boundary

The base space, cover, restriction maps, and equality notion must be explicit. Approximate agreement may
require metric, probabilistic, or cellular sheaves rather than exact classical gluing.
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Significant digits

Primary family: Uncertainty, approximation, and measurement e Secondary lenses: Numerical analysis; metrology ¢ Overview page 1

of 2 « diagnostic reference’3

No mathematical knowledge required

A computer can print many decimal places even when a sensor cannot measure them reliably. Significant digits are
the digits actually justified by the measurement. Reporting 12.345678 milliseconds is misleading if the clock
resolves only tenths of a millisecond. In diagnostics, false precision can turn noise into an apparent change, split
matching incidents, or create unwarranted confidence in a threshold.

Undergraduate mathematics

Significant figures reflect relative precision; decimal places reflect absolute scale. Rounding, cancellation,
propagation of uncertainty, and floating-point representation affect computed results. A value should be reported
with uncertainty or enough digits to avoid premature rounding, then rounded for presentation. Counters,
timestamps, percentages, and model scores each have different precision semantics.

Formula: d = —logq, |xx;x|

Graduate mathematics

Numerical conditioning separates sensitivity of the problem from stability of the algorithm. IEEE 754 error, interval
arithmetic, backward error, and metrological uncertainty provide more rigorous accounts than digit-counting
alone. In diagnostic pipelines, we should preserve raw precision, record resolution and calibration, and propagate
covariance or bounds. Significant-digit rules are conventions, not substitutes for an uncertainty model, especially
after nonlinear transformations and aggregation.

[E4] 115l
Formula: — < k(f,x) —
Iyl Il
4 \ N\ )
NO MATH REQUIRED UNDERGRADUATE GRADUATE
Report only supported precision Propagate uncertainty, then round Conditioning controls sensitivity
cencor report ¥ output interval follows the response
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input =2 compute [== output L
interval interval 0 —f X
input interval
displ | ision th
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Figure 76. Three explanatory views of Significant digits.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Significant digits — terminology and practical value

Concept 76 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Digit counting gives a rough communication rule. Graduate numerical analysis separates uncertainty in the data,
sensitivity of the problem, and rounding behavior of the algorithm.

Key terms used above

relative error — Absolute error divided by the magnitude of the reference value.
conditioning — Sensitivity inherent in the mathematical problem, independent of the algorithm used to solve it.
stability — The property that an algorithm behaves like an exact solution to a nearby input problem.

condition number — A local or global factor bounding how much relative output error can be amplified from relative
input error.

backward error — The smallest change to the input that would make a computed answer exactly correct.

Reading the formulas

Undergraduate formula. The estimated number of correct decimal digits is minus the base-ten logarithm of
relative error between approximation X and reference x. It is meaningful only when x is nonzero and the
reference is trustworthy.

Graduate formula. Relative output perturbation is bounded approximately by the condition number k at f, x
times relative input perturbation. Large k means small input errors may be greatly amplified.

Why the advanced view is useful

Conditioning and error propagation prevent dashboards from reporting false precision after aggregation,

subtraction, or nonlinear transforms. They guide storage precision, tolerances, and uncertainty display.

Diagnostic lineage. Significant Interval concerns collecting enough temporal evidence to avoid a truncated trace. Its connection
to significant digits is an analogy about warranted resolution, not a decimal-precision calculation.

Validity boundary

Significant-figure conventions do not replace a measurement model. Resolution, calibration, covariance,
floating-point rules, and exact zeros need separate treatment.
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Simplicial complex

Primary family: Geometry and topology e Secondary lenses: Combinatorics; topological data analysis ® Overview page 1 of 2 e

diagnostic reference’4

No mathematical knowledge required

We can begin with points for observations. Join related pairs with lines, fill a triangle when three observations
share one common context, and use solid higher-dimensional pieces for larger mutually related groups. The
complete construction is a simplicial complex. Filled pieces distinguish a genuinely shared context from a hollow
loop, helping diagnostics find connected groups, gaps, and higher-order relationships.

Undergraduate mathematics

An abstract simplicial complex K is a collection of finite vertex sets closed under taking subsets. A k-simplex has
k + 1 vertices. Boundary maps lead to homology, which counts components, loops, and voids. Vietoris—Rips or
Cech complexes built from event similarity can reveal clusters and holes across a threshold, although pairwise-
clique filling in a Rips complex may overstate higher-order evidence.

Formula: c EK, TCSo0=>1T€EK

Graduate mathematics

Geometric realization links combinatorics to topology; chain complexes, cohomology, spectral sequences, and

persistent homology extract invariants. Filtered complexes track features across scales. Diagnostic complexes need

a defensible vertex definition, relation, and scale, plus robustness analysis. Temporal ordering may require

directed, ordered, or path complexes because an ordinary simplicial complex forgets direction and duplicates.
Formula: H,(K) = kerd,/im 0;,.,, 02=0
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Figure 77. Three explanatory views of Simplicial complex.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Simplicial complex — terminology and practical value

Concept 77 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Closure under faces turns higher-order relations into a coherent combinatorial space. Graduate chain algebra
translates that space into boundaries, cycles, and homology classes, while filtrations track their lifetimes.
Key terms used above

simplex — A finite vertex set representing a point, edge, filled triangle, tetrahedron, or higher-dimensional analogue.
face — A simplex obtained by taking a subset of another simplex’s vertices.

boundary map — An alternating sum sending each oriented simplex to its codimension-one faces.

chain complex — A sequence of groups linked by boundary maps whose successive composites are zero.

homology — The quotient of cycles by boundaries, measuring holes not already filled by higher-dimensional simplices.

Reading the formulas

Undergraduate formula. Whenever simplex o belongs to K, every face t formed from a subset of its vertices
must also belong to K.

Graduate formula. The k-th homology is the cycles killed by boundary map d; modulo those already produced
as boundaries from dimension k + 1. The identity 9% equals zero ensures every boundary is a cycle.

Why the advanced view is useful

Complexes reveal connected components, loops, and voids in multiway event similarity or coverage data.
Persistent homology tests whether those features survive changes of scale.

Validity boundary

An ordinary complex forgets direction, duplicate events, and often time. Rips clique filling can invent
unsupported higher-order relations, so construction and scale require justification.

DumpAnalysis.org Page 158



MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Step functions

Primary family: Calculus, analysis, and dynamical systems e Secondary lenses: Signal processing; discrete events ¢ Overview page 1 of

2 e diagnostic reference’s

No mathematical knowledge required

A step function stays at one level for a while, then jumps to another. It matches software data such as version
numbers, feature flags, configuration states, or queue size between updates. Each flat part marks a period with no
recorded state change. The jump times identify the exact events where we should look for a new cause or
operating phase.

Undergraduate mathematics

A step function takes finitely or countably many constant values on intervals or measurable sets. Indicator
functions are basic examples, and simple functions approximate nonnegative measurable functions. Telemetry
may be reconstructed as right-continuous piecewise-constant paths. Integrals become weighted sums of level
times, while jump sizes and dwell durations summarize behavior.

Formula: f(x) = X}L, ¢ 17, ()
Graduate mathematics
Cadlag paths and functions of bounded variation may have absolutely continuous, jump, and singular continuous
change. Their distributional derivative records all three, while a genuine step function has only the jump sum. Step
approximations underpin integration and numerical schemes, but in diagnostics we must distinguish real jumps

from quantization, batching, clock correction, or counter reset; transitions with duration may be hidden by a step
model.

Formula: f € BV(I) = Df = f',cdt + D°f + ¥, (F (¢ — f(£])) S,

' N\ ( Y ( )
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Figure 78. Three explanatory views of Step functions.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Step functions — terminology and practical value

Concept 78 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A step model treats telemetry as constant between recorded changes. Graduate distribution theory turns each
jump into an impulse whose weight is exactly the jump size, enabling calculus on discontinuous signals.

Key terms used above

indicator function — A function equal to one on a selected set and zero outside it.
simple function — A finite linear combination of indicator functions.

cadlag — Right-continuous with a finite left limit at every time.

bounded variation — Having finite total accumulated absolute change over an interval.

distributional derivative — A measure or distribution that decomposes bounded-variation change into absolutely
continuous, jump, and singular continuous components.

Reading the formulas

Undergraduate formula. f is the sum of constants ¢, multiplied by indicators of regions I.. At each point, the
active indicators select the appropriate constant level.

Graduate formula. The hypothesis f € BV (I) says that f has bounded variation on interval I. Its derivative Df
splits into an absolutely continuous density f',.dt, a singular continuous or Cantor part D€ f, and Dirac masses
at jumps. For a step function the first two parts vanish.

Why the advanced view is useful

Step functions give exact dwell times, level integrals, and jump summaries for stateful telemetry. Their sparse

derivative localizes every recorded transition.

Validity boundary

Quantization, batching, clock correction, and counter reset can look like jumps. If transitions have duration, a
step model may hide the most important transient.
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Structure sheaf

Primary family: Algebraic geometry and number theory e Secondary lenses: Sheaf theory; local computation ¢ Overview page 1 of 2

« diagnostic reference’®

No mathematical knowledge required

Suppose every subsystem or memory region comes with a local instruction manual. The manual says which values
and calculations make sense there, and a smaller region receives the compatible part of the manual. This
organized collection of local calculation rules is the everyday picture of a structure sheaf. In diagnostics, it records
not only local data but also which operations on that data are valid.

Undergraduate mathematics

For a topological space X, a structure sheaf Oy is usually a sheaf of rings, such as continuous, smooth,
holomorphic, or regular functions. The pair (X, Oy) is a ringed space. A diagnostic analogue attaches to each scope
a ring or algebra of admissible observables and computations, with restriction maps. Local schemas and derived
measurements become part of the space’s structure.

Formula: OspecA(D(f)) = Af
Graduate mathematics
Schemes are locally ringed spaces locally isomorphic to spectra of rings; stalks of Oy encode local algebra and
maximal ideals identify points. Structure sheaves distinguish spaces with identical underlying topology but
different function theory. A rigorous diagnostic structure sheaf would require closed operations, compatible

restrictions, and meaningful stalks. A map from addresses to field names is metadata, not yet a ringed-space
construction, though it can motivate one.

Formula: Ospecap = 4,
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Figure 79. Three explanatory views of Structure sheaf.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Structure sheaf — terminology and practical value

Concept 79 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

An ordinary sheaf glues local data. A structure sheaf specifies which local functions and computations belong to
the space itself; graduate algebraic geometry uses its stalks to encode local algebra at every point.

Key terms used above

sheaf of rings — A sheaf whose sections support compatible addition and multiplication on every open set.

ringed space — A topological space equipped with a sheaf of rings describing admissible local functions.

spectrum of a ring — The space of prime ideals of a ring with its Zariski topology and structure sheaf.

localization — The operation that makes selected elements invertible so algebra can focus near a region or prime ideal.
stalk — The direct limit of local sections near a point, encoding the algebra visible arbitrarily close to it.

Reading the formulas

Undergraduate formula. On the basic open set D of f in SpecA, the structure sheaf assigns localization Ay, in
which powers of f are allowed as denominators.

Graduate formula. The stalk at prime ideal p is localization A,, obtained by inverting all elements outside p. It
captures the local algebraic behavior near that point.

Why the advanced view is useful

A diagnostic analogue can attach admissible observables and computations to every scope, with restrictions
preserving schemas. Stalk-like views isolate exactly which functions remain available near one event or state.
See also: Presheaves; Sheaves.

Validity boundary

A mapping from addresses to field names is metadata, not yet a structure sheaf. The local objects must form

rings with compatible restrictions and meaningful localization.
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Surfaces

Primary family: Geometry and topology e Secondary lenses: Differential geometry; data visualization ¢ Overview page 1 of 2 e

diagnostic reference’”

No mathematical knowledge required

A surface is a flat or curved sheet. Plotting latency against load and memory use can create a response surface.
Ridges, valleys, folds, and holes may reveal interactions that separate line charts hide. A surface can also act as a
boundary between normal and abnormal states. Its apparent shape depends strongly on the chosen axes, data
coverage, and smoothing.

Undergraduate mathematics

A surface is a two-dimensional manifold, possibly embedded in R? or defined abstractly. Parametric surfaces have
tangent planes, normals, curvature, and area. Graphs z = f(x, y) are only one kind; spheres and vertical surfaces
need other charts. Diagnostic response surfaces can reveal gradients and interactions, but sparse samples may not
support a smooth two-dimensional model.

Formula: X connected, compact, orientable = y(X) =V -E+F=2—-2g—b
Graduate mathematics

Surface classification uses orientability, genus, boundary, and connected sum; differential geometry adds
fundamental forms and Gaussian curvature. The Gauss—Bonnet theorem links total curvature to Euler
characteristic. Implicit, triangulated, and singular surfaces extend the setting. Diagnostic surfaces may be level sets
in high-dimensional state space rather than literal 3D graphs. Topology and curvature estimates require
uncertainty analysis because interpolation can create artificial handles, ridges, or self-intersections.

Formula: [ K dA + [) kg ds = 2mx(Z)
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Figure 80. Three explanatory views of Surfaces.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Surfaces — terminology and practical value

Concept 80 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Elementary surface analysis studies charts, normals, area, and curvature. Graduate geometry links total curvature
to topology through Gauss—Bonnet and classifies surfaces by genus, orientability, and boundary.

Key terms used above

surface — A space locally resembling a two-dimensional plane, possibly with boundary or embedded in a higher-
dimensional space.

genus — The number of handles of a connected orientable surface.
Gaussian curvature — The product of principal curvatures, measuring intrinsic local bending.
Euler characteristic — A topological invariant computed from a cell decomposition as vertices minus edges plus faces.

geodesic curvature and Gauss—Bonnet theorem — Geodesic curvature measures how a boundary bends within the
surface. Under the usual compactness, orientation, and smoothness assumptions, Gauss—Bonnet says its boundary
integral plus total Gaussian curvature equals 2 times the Euler characteristic.

Reading the formulas

Undergraduate formula. For a connected, compact, orientable surface with b boundary components and
genus g, Euler characteristic y equals V — E + F and also 2 — 2g — b. The hypotheses are part of the
statement; disconnected or nonorientable surfaces use different formulas.

Graduate formula. The integral of Gaussian curvature over X plus geodesic curvature along its boundary equals
21 times Euler characteristic. Local geometry and global topology balance exactly.

Why the advanced view is useful

Response surfaces show interactions and thresholds across two explanatory variables. Curvature and topology
can distinguish smooth ridges, basins, and structurally different level regions.

Validity boundary

Sparse interpolation can produce artificial handles, ridges, or self-intersections. A state boundary may be

singular or high-dimensional rather than a smooth two-dimensional surface.
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Tensors

Primary family: Algebra and algebraic structures ¢ Secondary lenses: Multilinear algebra; multidimensional data ¢ Overview page 1 of

2 e diagnostic reference’®

No mathematical knowledge required

Consider a data table with several axes: time, service, message type, and metric. This is a useful first picture of a
tensor. The full mathematical idea also includes rules that keep relationships consistent when the axes or
measuring directions are changed. In diagnostics, tensor methods can study interactions across many axes without
flattening everything into one list, but a data cube is not automatically a meaningful tensor model.

Undergraduate mathematics

A tensor can be defined as an element of a tensor product or as a multilinear map. Vectors and covectors are first-
order cases; matrices represent second-order tensors after bases are chosen. Tensor decompositions such as CP or
Tucker can expose latent components in multiaxis telemetry. Missing data, scale, and non-uniqueness affect
interpretation.

Formula: T';; = A?A;.ITM
Graduate mathematics
Tensors are basis-independent objects with covariant and contravariant transformation laws. The tensor product is
characterized by a universal property that turns multilinear maps into linear maps; rank, border rank,
identifiability, and symmetry remain subtle. For diagnostic tensor models, we should define each mode, admissible
basis changes, sparsity, and coupling. Graph or event data may require tensor networks or relational models rather
than forced rectangular completion.

Formula: Mult(V; X ---x Vg, W) = Hom(V; ® - ® Vyz, W)
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Figure 81. Three explanatory views of Tensors.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Tensors — terminology and practical value

Concept 81 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A multidimensional array becomes a tensor when its components obey a meaningful transformation law. Graduate
analysis uses the tensor product’s basis-independent universal property, then studies rank, symmetry, and
whether a decomposition’s latent factors are identifiable.

Key terms used above

multilinear — Linear in each input separately when all other inputs are held fixed.

vector, covector, and index variance — A vector represents a direction; a covector is a linear rule assigning a number to
a vector. Covariant and contravariant indices record how their components change under a basis change.

tensor rank — The minimum number of simple outer-product terms needed to express a tensor; it is subtler than matrix
rank.

CP and Tucker decomposition — Two families of low-rank factorizations for multiway arrays.

identifiability — The condition that latent factors are uniquely recoverable up to known symmetries such as scale and
permutation.

Reading the formulas

Undergraduate formula. The transformed two-covariant components T';; sum the old components T,, against
one basis-change factor for each index. Each index transforms separately.

Graduate formula. Every multilinear map from V; X --- X V; to W corresponds uniquely to a linear map from
Vi ® - ® V,; to W. This universal property defines the tensor product independently of coordinates and is
genuinely stronger than matrix similarity.

Why the advanced view is useful

Tensor models preserve service-by-metric-by-time interactions and can reveal latent components spanning

several axes at once. Structured decompositions support compression and anomaly localization.

Diagnostic lineage. Tensor Trace arranges repeated traces with multiple indices. That yields an array-like organization; tensorial
transformation laws require additional structure not supplied by the pattern.

Validity boundary

A raw ndarray is not automatically a tensor with interpretable coordinate changes. Missing data, scaling,
nonunique rank, and forced rectangular completion can produce unstable factors.
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Topology

Primary family: Geometry and topology ¢ Secondary lenses: Continuity; qualitative shape ¢ Overview page 1 of 2 e diagnostic

reference’?

No mathematical knowledge required

A rubber loop can be stretched and bent without losing its hole. Topology studies properties such as connection,
separation, and holes that survive this kind of smooth reshaping. In diagnostics, exact distances may be noisy while
the broad shape remains stable. We can ask whether normal states form one connected region, failures form
separate islands, or an incident path must go around an obstacle.

Undergraduate mathematics

A topology on X specifies open sets, including the empty set and X, closed under arbitrary unions and finite
intersections. It defines continuity, closure, boundary, compactness, and connectedness. Metric spaces induce
topologies, but different metrics can give the same topology. Diagnostic topology can arise from similarity,
reachability, information order, or event neighborhoods; the construction determines the meaning of every
invariant.

g, Xer, Uct=>UUET

Formula: UVeroUNVer

Graduate mathematics

Algebraic topology, differential topology, general topology, and topological data analysis provide different tools.
Homology and homotopy capture holes; persistent methods study robustness across scales; non-Hausdorff and
directed spaces can model computation. Finite noisy data do not reveal a unique topology. For diagnostic claims,
we should report sampling, filtration, stability, and semantics, and should not equate a visually separated
embedding with a proven disconnected state space.

Formula: € < &' = Hi(K,) - Hi(K,,)

s \ ( \ ( )

NO MATH REQUIRED UNDERGRADUATE GRADUATE

Connections survive harmless rearrangement A topology specifies open sets

e e v —

closed under unions and finite intersections

space X |——| spaceY
pers\stent classes
open in\{erse open set
image in X inY

connection and holes survive persistent or directed topology
harmless stretching Continuity pulls open sets back to open sets. for evidence

trace stretched

same connectivity

trace before

same hole

same connections after stretching

- J \ J O J

Figure 82. Three explanatory views of Topology.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Topology — terminology and practical value

Concept 82 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A topology declares which neighborhoods and deformations count as small. Graduate topological data analysis
builds filtered complexes from finite samples and tracks homology through induced maps across scales.

Key terms used above

open set — A member of the chosen topology, representing a permissible neighborhood or observable perturbation
region.

connectedness — The inability to split a space into two disjoint nonempty open parts.

homology — Algebraic invariants detecting components, loops, voids, and their higher-dimensional analogues.

filtration — A nested family of spaces built as scale or threshold changes.

persistence — The study of how topological features survive through a filtration.

Reading the formulas

Undergraduate formula. The empty set and X are open; arbitrary unions of open sets remain open; and finite
intersections such as U with V remain open. These are the topology axioms.

Graduate formula. When scale ¢ is no larger than &', inclusion of filtered complex K, into K, induces a map on
k-th homology. The family of these maps records persistence.

Why the advanced view is useful

Topology captures robust connectivity and holes that survive deformation or scale change. It can reveal
fragmented coverage, recurrent loops, and regime separation beyond a chosen visual embedding.

Related theoretical framing. ‘Topological Software Trace and Log Analysis’ (p. 257) connects quotient traces, covers, bundles, sheaves,
and open or closed memory regions. It is an umbrella research program, not by itself a specification of one topology satisfying the
open-set axioms.

Validity boundary

Finite noisy data do not determine a unique topology. Sampling, metric, filtration, direction, and stability
analysis must be reported before interpreting a barcode or apparent cluster.
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Ultrametric spaces, p-adic numbers

Primary family: Algebraic geometry and number theory e Secondary lenses: Metric geometry; hierarchical data ¢ Overview page 1 of

2 e diagnostic reference8®

No mathematical knowledge required

Suppose we file incidents in a tree: product, then version, then service, operation, and message type. Two
incidents are considered close when they stay in the same branch far down the tree. This tree-based closeness is
an ultrametric. P-adic numbers are an advanced number system that also puts values into nested groups. Most
diagnostic readers need only the tree idea. The p-adic part belongs only when the data follows the same number-
based grouping rule.
Undergraduate mathematics
An ultrametric satisfies d(x, z) < max{d(x,y),d(y, z)}, stronger than the ordinary triangle inequality. Balls are
nested or disjoint, and every point of a ball can serve as its center. The p-adic absolute value makes numbers close
when their difference is divisible by a high power of prime p. Prefix trees and hierarchical clustering naturally
induce ultrametrics for trace signatures.

Formula: d(x,z) < max{d(x,y),d(y,z)}
Graduate mathematics

The p-adic numbers Q,, complete Q under the p-adic norm and have totally disconnected, locally compact
topology. Ultrametric analysis supports non-Archimedean geometry, wavelets, and hierarchical stochastic
processes. For diagnostic use, we should justify the hierarchy or valuation: choosing p because identifiers are
hexadecimal has no mathematical basis. Multiple taxonomies may require several ultrametrics or a richer
tree/phylogenetic model, and hierarchy drift can change all distances discontinuously.

Formula: |x — y|, = p™»&=)
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Figure 83. Three explanatory views of Ultrametric spaces, p-adic numbers.
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MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Ultrametric spaces, p-adic numbers — terminology and practical value

Concept 83 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

Hierarchical distance naturally satisfies the ultrametric inequality. Graduate p-adic analysis constructs a number
system by completing the rationals under a divisibility-based norm, producing nested balls and totally
disconnected geometry.

Key terms used above

ultrametric and strong triangle inequality — An ultrametric obeys the strong triangle inequality: one side is no longer
than the larger of the other two. Consequently, every triangle is equilateral or isosceles with a short base.

valuation — A function measuring divisibility or scale and inducing a non-Archimedean absolute value.
p-adic absolute value — A size in which a number is small when divisible by a high power of prime p.
completion — Adding limits of all Cauchy sequences to a metric space.

non-Archimedean — Governed by the strong triangle inequality rather than ordinary additive distance intuition.

Reading the formulas

Undergraduate formula. The distance from x to z is at most the larger of distances x-to-y and y-to-z. Unlike
the ordinary triangle inequality, the two legs are not added.

Graduate formula. The p-adic size of x minus y is p raised to the negative valuation v,,, where the valuation
counts the power of p dividing the difference.

Why the advanced view is useful

Ultrametrics represent prefix trees, call-stack ancestry, taxonomies, and hierarchical clustering exactly. Nested

balls support efficient search and multiscale summarization.

Validity boundary

The hierarchy or valuation must have operational meaning. Choosing p from hexadecimal notation is arbitrary,
and evolving taxonomies can change all distances abruptly.
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Variadic functions

Primary family: Logic, sets, and foundations e Secondary lenses: Computer science; n-ary operations ¢ Overview page 1 of 2 e

diagnostic reference8?

No mathematical knowledge required

Some operations accept a changing number of inputs. A total can add two values today and twenty tomorrow; a
diagnostic aggregator can combine whatever evidence sources are available. Such an operation is called variadic.
The flexibility is safe only when input order, type, an empty input list, and grouping all have clear meanings.
Accepting any list does not by itself make the result meaningful.

Undergraduate mathematics

Mathematically, a variadic operation can be represented as a family f,,: X™ — Y for n in an allowed set, or as one
function on the disjoint union of all finite powers. Associative binary operations extend canonically to any finite
arity, often including a nullary identity. For diagnostic correlation functions, we should specify whether arguments
are ordered, repeated, typed, or symmetric.

Formula: f,: X" ->Y (n=0,12,..)
Graduate mathematics

Finite argument lists form the free monoid X™ under concatenation. A variadic map can therefore be one function
on X ™ whose restriction to X" is the fixed-arity function f;,. Operads and multicategories separately add coherent
composition and input typing. In programming, variadic APIs may erase type and arity guarantees, while safe
parallel folds require associative semantics and a defined empty input.

Formula: X* =[50 X™, f:X*>Y, flxn="fy

g N\ N\ 7 “\

NO MATH REQUIRED UNDERGRADUATE GRADUATE

Accept however many inputs arrive One operation at several arities Typed variable-arity composition

1I0
(o o VW N
summary came came came [ log ] [ score ] [ metric ]
operation operation operation parser
[ A

The same operation accepts a variable Each input follows its own path to the Each operation has typed inputs, and each
number of evidence items. operation; outputs are separate. output enters its own aggregate port.

merger parser

\/

\. J \\ J \u J

Figure 84. Three explanatory views of Variadic functions.
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Variadic functions — terminology and practical value

Concept 84 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A variadic API is a family of fixed-arity functions. The graduate treatment unifies all finite arities in the free monoid
of lists; operads and multicategories separately add coherent composition and typed inputs.

Key terms used above

arity — The number of inputs accepted by an operation.

nullary operation — A zero-input operation, usually representing a constant or identity value.
disjoint union of powers — A domain that keeps argument lists of different lengths distinct.
multicategory — A categorical structure with many typed inputs and one output for each morphism.
permutation invariance — The property that reordering inputs does not change the output.

Reading the formulas

Undergraduate formula. For each permitted nonnegative integer n, f,, takes an n-tuple of X values and returns
one Y value. The family explicitly includes arity zero when defined.

Graduate formula. X is the disjoint union of all finite powers X™, including n = 0, and concatenation makes it
the free monoid on X. One function f: X* — Y contains the entire family because its restriction to each X™ is

fu-

Why the advanced view is useful

Explicit arity semantics clarify whether a correlator consumes a sequence, set, multiset, or typed bundle of
evidence and whether parallel folding is safe. See also: Operads.

Validity boundary

Variadic syntax can erase type and order guarantees. Zero inputs, duplicates, missing evidence, heterogeneous
schemas, and permutation behavior all require explicit rules.
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Whiskering

Primary family: Category theory and higher structures e Secondary lenses: 2-categories; contextual transformation ¢ Overview page

1of 2 « diagnostic reference?

No mathematical knowledge required

Suppose one local step in a long diagnostic pipeline is replaced while everything before and after it remains
unchanged. Whiskering is the formal name for placing that local change inside the larger fixed context. The
unchanged steps look like extensions on either side of the changed center. This helps prove that a local
comparison or correction still behaves consistently when placed in the complete workflow.

Undergraduate mathematics

For a natural transformation a: F = G, pre- or post-composition with a functor produces whiskered
transformations such as Ha or aK. In a 2-category, a 2-cell can be horizontally composed with adjacent 1-cells. A
diagnostic rewrite between two local converters can therefore be transported through a larger pipeline, provided
sources and targets match and composition preserves the relevant semantics.

Formula: h*a:hof = hog
Graduate mathematics

Whiskering is functorial: attaching a composite context in stages gives the same result as attaching it at once, and
an identity context changes nothing. In bicategories, associators and unitors mediate these laws. Whiskering
remains foundational for pasting and higher coherence. In diagnostics, we can formalize context extension of local
edits, but caching, retries, security context, or temporal boundaries can invalidate locality.

Formula: (koh)*a=k*(h*a), lxa=a

g N\ N\ 7 “\

NO MATH REQUIRED UNDERGRADUATE GRADUATE

Attach the same context to both
routes

{J/\ O—0O—00—0

Change one step inside fixed context Whiskering inside a pasting diagram

h
login |— parser & o I
vl = v2 logout \/ a B Y
fixed context on both sides a changes a route; h supplies its context
The surrounding context stays fixed while one The vertical 2-cell compares the two parallel Left and right whiskering assemble a coherent
parser step changes. arrows; both then compose with h. horizontal paste.
\ v . >, - .

Figure 85. Three explanatory views of Whiskering.
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Whiskering — terminology and practical value

Concept 85 of 85 ¢ Companion page 2 of 2 ¢ Formula readings refer to the displayed equations on the preceding page

From undergraduate to graduate

A local comparison between two converters can be transported into a larger context by pre- or post-composition.
Graduate 2-category theory uses whiskering, pasting, and coherence to prove that such context extension
composes consistently.

Key terms used above

natural transformation — A family of arrows comparing two functors in a way compatible with every source-category
morphism.

pre- and post-composition — Attaching an additional functor before or after an existing transformation.
whiskering — Extending a 2-morphism by composing it with an adjacent 1-morphism.

pasting diagram and interchange law — A pasting diagram assembles compatible two-dimensional cells into a larger
transformation. The interchange law says horizontal and vertical composition yield the same composite in either
compatible grouping.

associator and unitor — Coherent isomorphisms replacing strict associativity and identity in a bicategory.

Reading the formulas

Undergraduate formula. Post-whiskering transformation a by h gives a transformation from h after f to h
after g. The same surrounding stage h is attached to both alternatives.

Graduate formula. Whiskering « first by h and then by k equals whiskering once by the composite k o h;
whiskering by an identity changes nothing. Here * is horizontal composition: the 1-cell h is understood as its
identity 2-cell 1, so h * @ means 1, * .

Why the advanced view is useful

Whiskering formalizes reuse of a validated local rewrite inside larger diagnostic pipelines. It supports modular

reasoning about converter upgrades, adapters, and comparison transformations.

Diagnostic lineage. Whisker Trace duplicates messages to align time-mismatched traces for horizontal composition. Categorical
whiskering composes a 2-cell with adjacent 1-cells; the shared contextual-extension idea does not make the two operations
identical.

Related theoretical framing. The 2-category essay (pp. 361-362) associates whiskering with horizontal trace composition. This
provides related theoretical framing; it does not identify the Whisker Trace duplication operation with categorical whiskering.

Validity boundary

Side effects, caching, retries, security context, and time boundaries can invalidate locality. A rewrite valid alone
may not remain valid after context is attached.
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Appendix A. Classification of the concepts

For the classification, we use one primary mathematical family for navigation and one or more

secondary lenses to acknowledge overlap. It is a pragmatic taxonomy for this guide, not a claim that

advanced concepts belong to only one discipline.

Primary mathematical family Entries
Algebra and algebraic structures 11
Algebraic geometry and number theory 6
Calculus, analysis, and dynamical systems 13
Category theory and higher structures 10
Geometry and topology 22
Graphs, combinatorics, and order 9
Logic, sets, and foundations 8
Mathematical physics 2
Uncertainty, approximation, and measurement 4
Algebra and algebraic structures
Concept Secondary lenses Reference
Braid groups Geometric topology; concurrency Open>
Defect group of a block Modular representation theory Openté
Direct sums and products of sets Set theory; state-space modeling Open?20
Duality Geometry; category theory Open?3
Flag, filtration Topology; multiscale analysis Open3?
Isomorphism Category theory; structural comparison Open#
Monoids Formal languages; composition Open?
Polynomials Approximation; algebraic geometry Openb?
Quotient groups Symmetry; abstraction Opente
Semigroups Dynamical systems; composition Open?
Tensors Multilinear algebra; multidimensional data Open7’8
Algebraic geometry and number theory
Secondary lenses Reference

Concept
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Concept

Secondary lenses

Reference

Dessin d’enfant

Graph embeddings; Riemann surfaces

[
o

Moduli space

Geometry; classification

S
©

Motives

Cohomology; universal invariants

Motivic integration

Measure theory; singularity invariants

v
iy

Structure sheaf

Sheaf theory; local computation

~
@

Ultrametric spaces, p-adic numbers

Metric geometry; hierarchical data

(0] (0] @ @ @ (0]
> =) =} Jm 3 =)
o

®
o

Calculus, analysis, and dynamical systems

Concept

Secondary lenses

Reference

Continuous and discontinuous functions

Topology; change-point analysis

[
N

Derivatives, partial derivatives

Optimization; sensitivity analysis

[
~

Divergence

Vector fields; information theory

N
[y

Dynamical systems

Control theory; state-space modeling

N
i

Fixed points

Order theory; program semantics

w
o

Fourier series

Harmonic analysis; signal processing

w
w

Intervals Order theory; temporal analysis

Phase Mathematical physics; signal processing 58
Piecewise linear functions Numerical methods; change-point analysis 59
Poincaré map, Poincaré section Dynamical systems; recurrence analysis en®0
Residue Complex analysis; forensic evidence 68
Scalar field Geometry; telemetry modeling 34

Step functions

Signal processing; discrete events

@ @ (0] o (0] (0] (0] o @ @ (0] (0]
3\‘ > > =) =} > :L > =} =} =} > >
o o

Category theory and higher structures

Concept Secondary lenses Reference
2-categories Algebra; compositional modeling Open?
Adjoints Order theory; optimization Open3
Categories Compositional modeling Opend
Coalgebras, functors, 2-categories State-based systems; semantics Qpe_n10
Dual categories Order duality; reverse analysis Open??
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Concept Secondary lenses Reference
Functor Structure-preserving transformation Open34
Operads Algebra; workflow composition Open34
Presheaves Topology; contextual data Open®4
Sheaves Topology; local-to-global reasoning Open’?
Whiskering 2-categories; contextual transformation Open?
Geometry and topology

Concept Secondary lenses Reference
Braids Concurrency; knot theory Open®

Cones Convex analysis; category theory 1
Cover Set theory; observability 13

Critical points, Morse theory

Differential calculus; optimization

[
IS

Curves

Calculus; time-series analysis

[
«

Dimension

Linear algebra; data analysis

Fiber bundles

Differential geometry; contextual data

N
©

o (0] (0] (0] o @ @ (0] (0]
=} =} > > > :»—\ =} =} > >
©

Fibrations Algebraic topology; category theory 29
Foliation Dynamical systems; stratified data 32
Homotopy Algebraic topology; sequence comparison 38
Manifolds Differential geometry; representation learning en%
Minimal surface Variational calculus; optimization Open#’
Nerve complex Combinatorics; cover analysis Open3?
Open and closed sets Set theory; neighborhood reasoning Open33
Orbifolds Group actions; singular spaces Open>
Projective spaces Algebraic geometry; scale invariance Open®>
Quotient space Equivalence relations; abstraction Open®’
Retraction Homotopy; dimensional reduction Open®?
Riemann surfaces, multivalued functions Complex analysis; branched coverings Open?0
Simplicial complex Combinatorics; topological data analysis Open4
Surfaces Differential geometry; data visualization Open??
Topology Continuity; qualitative shape Open”

DumpAnalysis.org

Page 177



https://www.dumpanalysis.org/blog/index.php/2017/08/06/trace-analysis-patterns-part-153/
https://www.dumpanalysis.org/diagnostic-operads
https://www.dumpanalysis.org/blog/index.php/2017/03/24/trace-analysis-patterns-part-141/
https://www.dumpanalysis.org/blog/index.php/2013/02/15/trace-analysis-patterns-part-64/
https://www.dumpanalysis.org/traces-logs-as-2-categories
https://www.dumpanalysis.org/blog/index.php/2007/10/25/threads-as-braided-strings-in-abstract-space-part-1/
https://www.dumpanalysis.org/blog/index.php/2020/06/14/crash-dump-analysis-patterns-part-268/
https://www.dumpanalysis.org/blog/index.php/2014/05/07/trace-analysis-patterns-part-84/
https://www.dumpanalysis.org/blog/index.php/2019/03/26/trace-analysis-patterns-part-166/
https://www.dumpanalysis.org/blog/index.php/2014/04/21/trace-analysis-patterns-part-80/
https://www.dumpanalysis.org/blog/index.php/2015/11/10/trace-analysis-patterns-part-118/
https://www.dumpanalysis.org/blog/index.php/2012/09/26/trace-analysis-patterns-part-52/
https://www.dumpanalysis.org/blog/index.php/2017/03/22/crash-dump-analysis-patterns-part-249/
https://www.dumpanalysis.org/blog/index.php/2020/07/31/trace-analysis-patterns-part-196/
https://www.dumpanalysis.org/blog/index.php/2018/01/18/trace-analysis-patterns-part-156/
https://www.dumpanalysis.org/blog/index.php/2009/12/01/dictionary-of-debugging-manifold-memory-space/
https://www.dumpanalysis.org/blog/index.php/2019/04/07/trace-analysis-patterns-part-168/
https://www.dumpanalysis.org/blog/index.php/2023/02/18/trace-analysis-patterns-part-225/
https://www.dumpanalysis.org/blog/index.php/2010/10/01/structural-memory-patterns-part-4/
https://www.dumpanalysis.org/blog/index.php/2011/02/16/dictionary-of-debugging-orbifold-memory-space/
https://www.dumpanalysis.org/blog/index.php/2016/11/15/trace-analysis-patterns-part-134/
https://www.dumpanalysis.org/blog/index.php/2016/09/30/trace-analysis-patterns-part-133/
https://www.dumpanalysis.org/blog/index.php/2023/02/19/trace-analysis-patterns-part-227/
https://www.dumpanalysis.org/blog/index.php/2009/02/23/riemann-programming-language/
https://www.dumpanalysis.org/blog/index.php/2023/02/05/trace-analysis-patterns-part-218/
https://www.dumpanalysis.org/blog/index.php/2015/09/13/crash-dump-analysis-patterns-part-229/
https://www.dumpanalysis.org/topological-log-analysis

MATHEMATICAL CONCEPTS IN SOFTWARE DIAGNOSTICS REFERENCE GUIDE

Graphs, combinatorics, and order

Concept Secondary lenses Reference
Causal sets Mathematical physics; distributed systems Open?
Edge contraction Topology; graph reduction Open?s
Galois connections Category theory; abstract interpretation Open3é
Graphs Networks; relational data Open?
Hasse diagrams Order theory; causal analysis Open?®
Karnaugh map Boolean algebra; logic simplification Open43
Lattices Algebra; program analysis Open#
Order duality Lattice theory; reverse analysis Opensé
Posets Causality; information order Open®?
Logic, sets, and foundations
Concept Secondary lenses Reference
Cartesian product Algebra; data modeling Open’

Equivalence relation

Algebra; classification

Injections, surjections, bijections

Functions; data integration

Maps Functions; semantic transformation 46
Model theory Semantics; formal specification

Ordinals Order theory; transfinite processes 57
Powerset Combinatorics; search spaces 63

Variadic functions

Computer science; n-ary operations

Mathematical physics

Concept Secondary lenses Reference

Bethe ansatz Spectral theory; integrable systems Open*

Feynman path integral Probability; variational methods Open?
Uncertainty, approximation, and measurement

Concept Secondary lenses Reference

Fuzzy sets Logic; classification Open3
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Concept Secondary lenses Reference
Jaccard index Set similarity; information retrieval Open*?
Rough sets Classification; knowledge representation Opent
Significant digits Numerical analysis; metrology Open’3

Classification notes

Combined entries. A combined source bullet remains one entry and is placed by its dominant mathematical

framework.

Cross-disciplinary concepts. Duality, dimension, maps, and related ideas occur throughout mathematics; the

secondary lenses preserve some of that breadth.

Software-facing concepts. Variadic functions and significant digits are included because the source catalog

uses them as mathematical lenses for software data.

Metaphorical transfers. Motives, motivic integration, the Bethe ansatz, and the Feynman path integral

require especially explicit modeling before a diagnostic analogy becomes a formal construction.

Sources, provenance, and editorial notes

The concept inventory and individual diagnostic-reference links were taken from the Software Diagnostics and Observability Institute
online catalog as accessed on 7 August 2026. The explanations, adaptation to the intended audiences, classifications, caveats, and
illustrations in this guide are an original synthesis prepared for this document.

2023 pattern-reference source. Dmitry Vostokov, Trace, Log, Text, Narrative, Data: An Analysis Pattern Reference for Information
Mining, Diagnostics, Anomaly Detection, 5th ed., rev. 5.04 (OpenTask, 2023), ISBN 978-1-912636-58-7; especially pp. 377-383.

2024 theoretical source. Dmitry Vostokov, Theoretical Software Diagnostics: Collected Articles®?, 4th ed., rev. 4.00 (OpenTask, February
2024), ISBN 978-1-912636-91-4; revised concept inventory, pp. 282—-284. Appendix E identifies the sustained treatments worth citing.
Authority and scope. Both books use mathematical concepts to motivate diagnostic patterns and theoretical models. We cite them
here for provenance, diagnostic meaning, and proposed modeling, not as authorities for mathematical definitions or theorem transfer.
Appendix D grades the pattern transfer; Appendix E points to sustained theoretical treatments and their limits.

Three-stage provenance. Of the 85 current entries, 53 descend from the 2023 printed list, 77 appear in the February 2024 theoretical
list, and all 85 appear in the later online catalog. Dimension appears in the 2023 list but not the 2024 list; seven other concepts were
added online after February 2024.

Verified intentional (F5). Functor and Scalar field retain the same Trace Field reference. The Fifth Edition, p. 314, first describes Trace
Field as a function from messages into a continuous or discrete range and then, more generally, as a functor between categories.

Source errata used in this edition. In the printed concept list, the first Adjoints reference is labeled ‘Adjoint Message, page 48’; the
pattern on p. 48 is Adjoint Thread of Activity. The same list gives Cartesian Trace as p. 68; the pattern begins on p. 69. Appendix D uses
the corrected forms.

Open the source catalog*
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Appendix B. Undergraduate mathematics fundamentals

The no-math-required explanations in this guide stand on their own. This appendix is a reading map for the
undergraduate explanations and formulas: it gathers the ideas that those sections assume, explains the
vocabulary in one place, and shows what each foundation contributes to diagnostic reasoning. We do not
need an entire mathematics degree before beginning. The practical goal is to recognize the objects being
studied, the operation or relation applied to them, the assumptions being made, and the conclusion that
follows.

Reading goal. Read a displayed formula as a precise sentence, identify its objects and assumptions, and connect the
result to a diagnostic decision without mistaking the model for the system itself.

Roadmap

Use the right-hand column to enter the appendix through the concept family you are reading; the sections may
also be read in order as a compact refresher.

Foundation Especially supports

1. Mathematical language, notation, sets, and Maps; powersets; Cartesian products; direct sums and products; injections, surjections,
functions and bijections; variadic functions

2. Logic, definitions, proof, and modeling

) Equivalence relations; isomorphisms; model theory; fixed points; retractions; duality
assumptions

Semigroups; monoids; quotient groups; braid groups; polynomials; tensors; dimension;
3. Algebra and linear algebra group 4 group groups; poly

scalar fields
4. Calculus, real analysis, and dynamical Continuous and discontinuous functions; derivatives; divergence; fixed points; Fourier
systems series; phase; dynamical systems; Poincaré sections
5. Discrete mathematics, graphs, relations, Graphs; edge contraction; causal sets; posets; Hasse diagrams; lattices; Galois
and order connections; Karnaugh maps

Topology; open and closed sets; curves; surfaces; manifolds; quotient spaces;

6. Geometry and topology N o
retractions; simplicial and nerve complexes

7. Probability, statistics, similarity, and Fuzzy sets; rough sets; Jaccard index; significant digits; all data-driven diagnostic
numerical measurement comparisons

1. Mathematical language, notation, sets, and functions

Mathematics compresses a precise statement into symbols. Before calculating, we can read a formula as a
sentence by identifying what each symbol represents, which values are allowed, and whether the formula defines
an object, asserts a relationship, or asks for a result. For example, response time = network delay + service time is
a model of how three measured quantities are related; it is not automatically a law that holds in every system.

Variable, constant, expression, and equation — A variable can take different values; a constant is fixed within the
discussion; an expression combines values and operations; an equation asserts that two expressions are equal. In
2x +5 =17, x is the variable and the equation constrains it to x = 6.
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Set, element, subset, and powerset — A set is a collection treated as one object. An element belongs to that collection,
a subset contains only elements from it, and the powerset is the set of all its subsets. These notions organize event
types, hosts, traces, and groups of symptoms.

Sequence and indexed family — A sequence is an ordered list, such as five latency readings taken over time. An indexed
family is a collection whose members carry labels, such as one log stream for each service. The label tells which
member is meant; it is not itself a measured value.

Function, domain, codomain, image, and preimage — A function assigns exactly one output to each permitted input.
The domain is the input set and the codomain is the declared output set. The image contains outputs actually
produced; a preimage is the collection of inputs that produce a chosen output or region.

Map, injection, surjection, and bijection — Map is another word for function. An injection never merges distinct inputs,
a surjection reaches every declared output, and a bijection does both. A bijection gives a reversible one-to-one
correspondence, while a merely many-to-one map loses information.

Quantifiers — The phrase “for every” makes a universal claim; “there exists” makes an existence claim. Their order
matters: saying that every request has some owner is weaker than saying that one owner is responsible for every
request.

Sum, product, union, and intersection — A sum combines quantities additively and a product combines them
multiplicatively. A union collects everything appearing in at least one set; an intersection keeps only what appears in
every set under comparison.

Why this matters in this guide. This is the minimum vocabulary for reading every displayed formula in the book. It
prevents common errors such as treating a codomain as the outputs actually observed, mistaking an index for a
value, or assuming that a many-to-one diagnostic summary can be reversed.

2. Logic, definitions, proof, and modeling assumptions

A mathematical conclusion is only as strong as its definitions and assumptions. In diagnostics, a proof-like
argument might say: if the clock is synchronized, the trace is complete, and this causal rule is valid, then a
particular ordering follows. Removing an assumption can remove the conclusion. Proof skills therefore help a
reader separate evidence from inference rather than merely manipulate symbols.

Proposition and truth value — A proposition is a statement that is either true or false within a specified interpretation.
“Service A timed out” is not mathematically precise until the service, observation window, and meaning of timeout
are fixed.

Implication and converse — An implication says that if one statement holds, another follows. Its converse reverses the
direction and may be false. If overload causes high latency, observing high latency does not by itself prove overload
because other causes may produce the same symptom.

Necessary and sufficient conditions — A necessary condition must hold for a conclusion to hold; a sufficient condition is
enough to guarantee it. A condition may be necessary without being sufficient, sufficient without being necessary,
both, or neither.

If and only if — The phrase “if and only if” means that two implications hold, one in each direction. It expresses logical
equivalence, so either statement can replace the other under the stated assumptions.

Definition, axiom, theorem, and lemma — A definition fixes meaning; an axiom is adopted as a starting rule; a theorem
is proved from definitions and assumptions; a lemma is a supporting theorem used to prove a larger result. A
definition is not an empirical discovery and a theorem is not assumption-free.

Counterexample — A counterexample is one valid case in which a universal claim fails. It is often the fastest way to
expose an overgeneralized diagnostic rule, such as a clustering measure that behaves poorly when sets are empty.

Direct proof, contradiction, and induction — A direct proof moves from assumptions to a conclusion; proof by
contradiction shows that denying the conclusion creates an impossibility; induction establishes a statement for a first
case and proves that each case carries the result to the next.
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Why this matters in this guide. These habits make validity boundaries readable. They also encourage explicit
statements of data quality, time range, mapping rules, and structural laws before a mathematical analogy is used as
diagnostic evidence.

3. Algebra and linear algebra

Algebra studies operations and the laws they obey. Linear algebra studies quantities that can be added and scaled,
together with transformations that respect those operations. These subjects turn many records into one
structured object: a state vector, a matrix of relationships, a polynomial trend, or a composition of system actions.

Operation and closure — An operation combines allowed inputs to produce an output. A set is closed under that
operation when the output remains in the set. Closure matters when repeated event composition is supposed to stay
within the same model.

Associative law and identity element — Associativity says that regrouping a three-step combination does not change
the result. An identity element leaves every value unchanged when combined with it. Together they support safe
composition without prescribing an order of evaluation.

Semigroup, monoid, group, ring, and field — A semigroup has an associative operation; a monoid adds an identity; a
group also gives every element an inverse. A ring supports compatible addition and multiplication, while a field also
permits division by every nonzero element. Each added law enables additional reasoning.

Vector, scalar, and vector space — A vector is an ordered mathematical state that can be added to another vector and
multiplied by a scalar. A vector space is the collection of such vectors together with laws ensuring that those
operations behave consistently.

Matrix and linear transformation — A matrix is a rectangular array that can represent a dataset or a linear
transformation. A linear transformation preserves vector addition and scalar multiplication, making complicated
changes analyzable through standard operations.

Basis, dimension, and coordinates — A basis is a nonredundant set of building-block vectors from which every vector in
the space can be assembled. Dimension is the number of basis directions; coordinates record how much of each basis
direction is present.

Eigenvalue and eigenvector — An eigenvector is a nonzero vector whose direction a linear transformation does not
rotate away from itself; the corresponding eigenvalue gives the scale change in that direction. Large or unstable
modes can reveal dominant patterns in system behavior.

Inner product and norm — An inner product measures alignment and supports angles; a norm measures magnitude or
distance from zero. Their choice determines what the analysis regards as large, small, similar, or orthogonal.

Why this matters in this guide. This material supports composition, state representation, dimensionality, transforms,
and similarity. It also shows why algebraic laws must be checked: calling an operation a group operation or a
transformation linear implies specific properties that raw software events may not possess.

4. Calculus, real analysis, and dynamical systems

Calculus describes change and accumulation; analysis supplies the precise ideas of limit and convergence that
make calculus reliable. Dynamical systems use these ideas to study how a state evolves. In telemetry, the same
tools distinguish a level from a trend, a transient from a stable regime, and a genuine discontinuity from sampling
noise.

Interval, neighborhood, and limit — An interval is a continuous range of numbers. A neighborhood is a region around a
point. A limit describes the value approached as inputs or sequence positions move arbitrarily close to a target,
whether or not the target value itself is defined there.
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Continuity and discontinuity — A function is continuous at a point when small enough input changes force small output
changes there. A discontinuity is a failure of that condition, such as a jump, an unbounded response, or incompatible
one-sided behavior.

Derivative and partial derivative — A derivative is the limiting rate at which an output changes with one input. A partial
derivative changes one coordinate while holding the others fixed. Both are local descriptions and need not predict
behavior far from the point measured.

Gradient and divergence — A gradient points in the direction of fastest increase of a scalar quantity. Divergence
measures the net outward tendency of a vector field near a point, suggesting whether behavior locally acts like a
source or a sink.

Integral — An integral accumulates continuously varying contributions, such as total work or total event intensity over
time. It can also represent area, average value after normalization, or probability under a density.

Sequence, series, and convergence — A sequence is an ordered list; a series adds the terms of a sequence. Convergence
means the values or partial sums approach a finite limit according to a specified criterion. Finite-looking early behavior
does not guarantee convergence.

Fourier series and frequency — A Fourier series represents a periodic signal as a sum of sines and cosines at different
frequencies. It helps separate recurring cycles, but finite windows, irregular sampling, and nonperiodic changes can
create misleading spectral features.

State, trajectory, fixed point, and stability — A state records the variables needed to continue a model; a trajectory is its
evolution. A fixed point is unchanged by one update. Stability asks whether nearby states remain nearby or return
after a small disturbance.

Why this matters in this guide. These foundations support derivatives, phases, Fourier series, fixed points, Poincaré
maps, and other time-dependent concepts. They make explicit when smoothness, regular sampling, convergence, or
a well-defined state-transition rule is required.

5. Discrete mathematics, graphs, relations, and order

Software evidence is often discrete: requests, events, services, states, and dependencies. Discrete mathematics
studies finite or countable structures directly, without assuming that every change is continuous. Graphs encode
connections; relations encode comparisons; and ordered structures encode precedence, refinement, or
information content.

Relation and equivalence relation — A relation records which pairs of objects are connected or comparable. An
equivalence relation is reflexive, symmetric, and transitive; it partitions objects into nonoverlapping classes whose
members count as equivalent under the chosen rule.

Counting, permutation, and combination — Counting determines how many configurations are possible. A permutation
selects an arrangement where order matters; a combination selects a group where order does not. These ideas
expose combinatorial explosion in searches and test cases.

Graph, vertex, edge, path, and cycle — A graph consists of vertices joined by edges. A path is a connected sequence of
edges; a cycle returns to its starting vertex. Direction, weights, parallel edges, and self-loops must be specified when
they matter.

Tree and directed acyclic graph — A tree is a connected graph with no cycles. A directed acyclic graph has directed
edges and no directed cycle; it can encode dependencies or causal precedence without requiring a single root or tree-
shaped branching.

Partial order and Hasse diagram — A partial order is reflexive, antisymmetric, and transitive, but some pairs may remain
incomparable. A Hasse diagram draws the immediate order relations and omits relations already implied by
transitivity.

Lattice, meet, and join — A lattice is a partial order in which each pair has a greatest lower bound, called the meet, and a
least upper bound, called the join. These operations formalize combining constraints or information.
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Boolean algebra — Boolean algebra studies true/false values with operations corresponding to AND, OR, and NOT. It
underlies predicates, filters, bit masks, and Karnaugh-map simplification.
Why this matters in this guide. This material is central to dependency graphs, causal orders, clustering by
equivalence, Boolean conditions, and information lattices. It also prevents a directed graph from being treated
automatically as a causal graph or a partial order from being assumed total.

6. Geometry and topology

Geometry studies measurements and shape; topology studies which structural features survive continuous
deformation. For diagnostic data, distance may encode similarity, shape may describe a state-space trajectory, and
topology may capture connectivity or holes that remain after small perturbations. These interpretations depend on
how the space and its neighborhoods are defined.

Metric and distance — A metric assigns a nonnegative distance to each pair of points, gives zero only for identical points,
is symmetric, and obeys the triangle inequality. A similarity score need not satisfy these laws and therefore is not
automatically a metric.

Open set, closed set, and topology — A topology declares which sets count as open and thereby formalizes
neighborhoods and continuity. A closed set contains all of its limit points. A set can be both open and closed, and
“closed” is not the same as “not open.”

Connectedness and compactness — Connectedness says a space cannot be separated into two disjoint nonempty open
pieces. Compactness is a finiteness-like property that often lets local information yield global conclusions; in ordinary
Euclidean space it corresponds to being closed and bounded, but not in every space.

Curve, surface, and manifold — A curve is locally one-dimensional, a surface locally two-dimensional, and an n-
dimensional manifold locally resembles ordinary n-dimensional space. Global folds, holes, or identifications can still
make a manifold very different from flat space.

Quotient space and identification — A quotient space is formed by declaring selected points equivalent and treating
each equivalence class as one point. It is useful for collapsing behavior regarded as diagnostically indistinguishable,
but the chosen equivalence relation controls what information is lost.

Homotopy and retraction — A homotopy is a continuous deformation from one map or shape to another. A retraction
continuously maps a space onto a subspace while leaving that subspace fixed. Both express structural simplification
rather than geometric equality.

Simplex and simplicial complex — A simplex generalizes a point, line segment, triangle, and tetrahedron. A simplicial
complex glues simplices together along complete faces, producing a combinatorial model of shape from vertices and
their higher-order connections.

Why this matters in this guide. These foundations support manifolds, surfaces, covers, quotient spaces, homotopy,
nerve complexes, and fiber-based constructions. They require us to state what counts as nearby and which
deformations or identifications are allowed before a shape-based conclusion is drawn.

7. Probability, statistics, similarity, and numerical measurement

Diagnostics works with incomplete samples, noisy measurements, and uncertain causes. Probability models
uncertain outcomes; statistics learns from observed data; numerical analysis asks how computation and
representation affect a result. These subjects distinguish variability in the system from uncertainty created by
observation or calculation.

Sample space, event, and probability — A sample space lists the possible outcomes in a model; an event is a subset of
those outcomes; probability assigns consistent weights between zero and one. The modeled sample space must
match the operational situation before probabilities are meaningful.
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Random variable and distribution — A random variable maps each outcome to a numerical value. Its distribution states
how probability is allocated among possible values or ranges, describing more than a single average.

Expectation, variance, and covariance — Expectation is a probability-weighted average. Variance measures squared
spread around the expectation. Covariance measures whether two quantities tend to move together, but covariance
or correlation alone does not establish causation.

Conditional probability and independence — Conditional probability updates the probability of one event after another
is known. Independence says that learning one event does not change the probability of the other within the model; it
is a strong claim that should be tested or justified.

Population, sample, estimator, and uncertainty interval — A population is the full collection of interest; a sample is the
observed subset. An estimator computes an unknown population feature from a sample. An uncertainty interval
reports a range produced by a stated procedure, not a guarantee that every future value lies inside it.

Jaccard similarity — For two sets, Jaccard similarity is the size of their intersection divided by the size of their union. It
measures shared membership relative to total membership, ignores multiplicity, and requires an explicit convention
when both sets are empty.

Rounding, significant digits, and error — Rounding replaces a value by a nearby representable value. Significant digits
communicate warranted precision. Absolute error measures numerical difference; relative error scales that difference
by a reference magnitude, which becomes delicate near zero.

Why this matters in this guide. These ideas support similarity, fuzzy or rough classification, sampled telemetry, and
claims about precision. They also discourage false certainty: a point estimate, high similarity score, or long decimal
expansion is not evidence of causal truth or measurement accuracy by itself.

A practical reading checklist

Apply this checklist whenever an explanation moves from an intuitive picture to a formal claim.
1. Name the objects: numbers, sets, functions, graph vertices, states, or geometric points.
2. State the domain and allowed operations; do not infer them from the symbols alone.
3. Translate each formula into a sentence and identify whether it is a definition, condition, or conclusion.
4. List the assumptions, especially continuity, independence, invertibility, completeness, or data-quality conditions.

5. Test one ordinary example and one edge case, such as an empty set, zero denominator, disconnected graph, or
missing event.

6. Explain what diagnostic decision the result informs and what information the construction discards.

How much mastery is needed?

Conceptual fluency is enough for most undergraduate pages: we should be able to recognize the definition,
work a small example, and notice a failed assumption or edge case. Computation-heavy proficiency is only
needed if we plan to implement the construction. The no-math-required explanations remain usable without
this preparation.
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Appendix C. Graduate mathematics fundamentals

The graduate lens ranges across several specialties; no single reader is expected to master every field before

using the guide. This appendix supplies a route through the recurring foundations and defines the advanced

vocabulary that links the concept pages. Graduate readiness here means being able to specify a formal

setting, recognize which theorem or structural analogy is being invoked, and check whether its hypotheses

survive translation to software evidence. Readers can follow the sections associated with a concept family

and return to the others as needed.

Reading goal. State the formal setting and admissible maps, name the theorem or analogy being used, verify its

hypotheses, and describe the invariant, uncertainty, or failure mode that makes the advanced view operationally

useful.

Roadmap

Use the right-hand column to enter the appendix through the concept family you are reading; the sections may

also be read in order as a compact refresher.

Foundation

Especially supports

1. Formalization, invariants, equivalence, and
local-to-global reasoning

All graduate sections, especially duality, isomorphism, quotient constructions, sheaves,
moduli, and fixed points

2. Category theory and higher structures

Categories; functors; adjoints; presheaves; coalgebras; operads; dual categories; 2-
categories; whiskering

3. Structural algebra, actions, tensors, and
homological organization

Braid and quotient groups; defect groups; direct sums and products; flags and
filtrations; monoids; tensors; duality

4. Topology, algebraic topology, fiber
constructions, and sheaves

Homotopy; simplicial and nerve complexes; covers; fiber bundles; fibrations;
presheaves; sheaves; structure sheaves

5. Differential geometry, smooth dynamics,
and variational ideas

Manifolds; curves and surfaces; foliations; critical points and Morse theory; Poincaré
maps; minimal surfaces; dynamical systems

6. Measure theory, functional analysis, Fourier
methods, and generalized limits

Fourier series; residues; scalar fields; step and discontinuous functions; advanced
convergence and signal models

7. Algebraic geometry, moduli, sheaf-local
algebra, and p-adic ideas

Dessin d’enfant; moduli spaces; motives; motivic integration; projective spaces;
structure sheaves; p-adic and ultrametric spaces

8. Logic, model theory, ordinals, order, and
fixed-point semantics

Model theory; ordinals; posets; lattices; order duality; Galois connections; fixed points;
causal sets

9. Probability, information, inference, and set-
valued uncertainty

Fuzzy sets; rough sets; Jaccard index; significant digits; data-driven and time-indexed
diagnostic claims

10. Mathematical physics and disciplined use
of advanced analogies

Feynman path integrals; Bethe ansatz; phase; minimal surfaces; dynamical and
variational analogies
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1. Formalization, invariants, equivalence, and local-to-global reasoning

At graduate level, we shift attention from calculation alone to the structure that makes a calculation meaningful.
Before using an advanced concept, we need to specify the objects, admissible maps, notion of sameness, and
properties meant to remain unchanged. This is also the discipline needed to turn a suggestive diagnostic picture
into a reproducible model.

Mathematical structure — A structure is a collection of objects together with specified operations, relations, or
neighborhood rules and the laws they satisfy. The same underlying records can support different structures, leading to
different valid conclusions.

Invariant — An invariant is a quantity or property unchanged under the transformations declared irrelevant. An invariant
can compare systems robustly only when those transformations accurately represent the changes that should not
matter diagnostically.

Isomorphism, equivalence, and equality — Equality means literally the same object. Isomorphism means a reversible
structure-preserving correspondence. Broader equivalence notions may preserve only selected features. Which notion
of sameness is used determines which differences are ignored.

Universal property — A universal property characterizes an object by the unique way other compatible objects map to
or from it. It explains why constructions such as products, quotients, and adjoints are canonical up to a suitable
isomorphism rather than dependent on arbitrary coordinates.

Local and global properties — A local property can be checked in small neighborhoods or individual components; a
global property concerns the assembled whole. Local consistency need not imply global consistency unless an
additional gluing or compactness principle applies.

Existence, uniqueness, and stability — Existence asks whether a solution is present, uniqueness whether only one
solution satisfies the conditions, and stability whether small changes in evidence cause only controlled changes in the
result. A unique but unstable answer can still be operationally unreliable.

Naturality — Naturality means that a construction respects the relevant maps automatically, without coordinate-specific
choices. In diagnostics, it is a test of whether a transformation behaves consistently when services, representations, or
levels of abstraction change.

Why this matters in this guide. This section is the common entry point for every graduate explanation. When two
pictures look alike, we ask more precise questions: alike under which maps, preserving which invariant, and with
what existence, uniqueness, or stability guarantee?

2. Category theory and higher structures

Category theory describes systems through objects and composable structure-preserving maps. It is valuable when
the diagnostic task concerns translation among representations, composition of components, or constructions
defined by how every compatible map must behave. Higher category theory also treats transformations between
transformations as data.

Category and morphism — A category has objects and directed morphisms between them. Morphisms compose
associatively and every object has an identity morphism. A morphism may be a function, process, proof,
transformation, or relation, depending on the category.

Functor — A functor maps one category to another while preserving identity morphisms and composition. It formalizes a
translation between system views that respects how steps connect, not merely how isolated objects are renamed.

Natural transformation — A natural transformation connects two functors through one morphism at each object,
subject to a compatibility equation. It expresses a coherent change of translation across the whole category.
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Limit and colimit — A limit is a universal way of combining a diagram through compatible projections; a colimit is the
dual universal way of assembling it through compatible inclusions. Products and pullbacks are limits; coproducts and
quotients often arise as colimits.

Adjunction — An adjunction is a matched pair of functors for which maps out of one construction correspond naturally
to maps into the other. It often captures an optimal approximation, free construction, or abstraction—concretization
relationship.

Monoidal category and operad — A monoidal category supplies a coherent way to combine objects in parallel. An
operad organizes operations with many inputs and one output together with rules for substitution. Both are useful for
compositional system architecture.

Coalgebra — A coalgebra describes an object by how it can be observed or unfolded, dual in direction to an algebra that
combines inputs. Coalgebraic models are well suited to evolving state, streams, and potentially unending behavior.

2-category and whiskering — A 2-category has objects, morphisms, and 2-morphisms between morphisms. Whiskering
composes a 2-morphism with an ordinary morphism on one side, expressing how a transformation changes when
placed inside a larger context.

Why this matters in this guide. These ideas support compositional diagnostics: local analyses can be translated and
assembled while preserving their interfaces. The formal benefit appears only after the objects, morphisms,
composition, and coherence laws have been defined for the software setting.

3. Structural algebra, actions, tensors, and homological organization

Advanced algebra studies structures through their subobjects, quotients, symmetries, representations, and ways
of combining components. It can separate behavior intrinsic to a system from behavior caused by a chosen
coordinate scheme, and it can organize multiple diagnostic layers without obscuring their relationships.

Group action, orbit, and stabilizer — A group action applies each symmetry to the objects of a set in a composition-
respecting way. An orbit contains all states reachable by those symmetries; a stabilizer contains the symmetries that
leave one state fixed.

Subobject and quotient — A subobject is a structure-preserving part of a larger object. A quotient identifies elements
according to a compatible equivalence relation. Quotienting simplifies a model but deliberately removes distinctions.

Module and algebra — A module generalizes a vector space by allowing scalars from a ring rather than requiring a field.
An algebra is a vector space or module with a compatible multiplication, combining linear and multiplicative structure.

Tensor product and tensor — A tensor product is a universal construction that turns multilinear dependence into
ordinary linear dependence on a combined space. A tensor is an element of such a space or, equivalently in suitable
settings, a coordinate-independent multilinear object.

Direct sum and direct product — Both combine a family of algebraic objects componentwise. For finitely many
components they often coincide; for infinitely many, a direct sum usually allows only finitely many nonzero
components while a direct product allows arbitrary components.

Filtration and associated graded object — A filtration is a nested sequence of subobjects representing scale, time,
severity, or information. The associated graded object isolates what is added at each successive level, making layered
change easier to study.

Chain complex and homology — A chain complex is a sequence of objects linked by maps whose consecutive composite
is zero. Homology measures what is closed but not generated as a boundary, recording obstructions or holes that
remain after local cancellations.

Representation — A representation realizes an abstract structure as transformations of a concrete space, often matrices
acting on vectors. It permits computation while distinguishing the abstract symmetry from a particular coordinate
model.
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Why this matters in this guide. These concepts clarify symmetry reduction, layered evidence, and multi-component
state. It also explains why direct sum and product diverge in infinite settings, why tensor notation requires
multilinearity, and why a quotient must state exactly which distinctions it erases.

4. Topology, algebraic topology, fiber constructions, and sheaves

Advanced topology combines neighborhood structure with algebraic summaries of global shape. Fiber
constructions describe a total system assembled from a base and local attached data. Sheaf theory formalizes
when observations made on overlapping regions agree and can be glued into one global observation.

Homotopy type and fundamental group — Homotopy type records properties preserved under continuous
deformation. The fundamental group encodes loops based at a point up to deformation, with loop concatenation as
its operation; it can detect one-dimensional holes.

Homology and cohomology — Homology assigns algebraic groups that detect holes in different dimensions.
Cohomology is a dual theory with an additional product structure in many settings, allowing interactions among
features to be studied.

Simplicial complex and nerve — A simplicial complex builds shape from compatible vertices, edges, triangles, and higher
simplices. The nerve of a cover has one vertex per covering region and a simplex whenever the corresponding regions
have a common intersection.

Nerve theorem — Under suitable “good cover” conditions, the nerve has the same homotopy type as the covered space.
Without contractible finite intersections or an appropriate variant of the theorem, overlap data need not recover
global shape.

Fiber, fiber bundle, and fibration — A fiber is the data lying above one base point. A fiber bundle is locally a product of
base and fiber, though it may twist globally. A fibration is defined by a homotopy-lifting property and is more general
than a bundle.

Presheaf, sheaf, section, and restriction — A presheaf assigns data to each region and restriction maps to inclusions of
regions. A sheaf adds locality and unique-gluing laws. A section is one compatible choice of data over a region.

Stalk — A stalk captures all local behaviors near one point by identifying sections that agree on some sufficiently small
neighborhood. It is a precise local summary, not merely the value observed at that point.

Persistence — Persistent topology follows features across a filtration of scales. A feature that survives a wide range may
be more robust than one appearing briefly, although persistence alone does not establish operational significance.
Why this matters in this guide. This material provides formal tools for reconstructing global incidents from
overlapping telemetry, tracking topology across thresholds, and representing context-dependent data over a base
space. The cover conditions, restriction maps, and gluing laws must be specified rather than inferred from a diagram.

5. Differential geometry, smooth dynamics, and variational ideas

Differential geometry extends calculus to curved spaces; smooth dynamical systems study flows on those spaces;
variational mathematics studies objects selected by minimizing or making a quantity stationary. Together they
support local linearization, trajectory analysis, stability testing, and geometry-aware descriptions of high-
dimensional state.

Smooth manifold and coordinate chart — A smooth manifold is locally Euclidean and has compatible coordinate charts
whose transitions are differentiable. Coordinates are labels used for calculation; the underlying geometric object
should not depend on which chart is chosen.

Tangent space, cotangent space, and differential form — The tangent space contains possible instantaneous directions
at a point. The cotangent space contains linear measurements of those directions. Differential forms are alternating
covariant tensors designed for integration over curves, surfaces, and higher-dimensional regions.
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Vector field and flow — A vector field chooses one tangent direction at every point. Under suitable regularity conditions
it generates a flow, which moves each initial state along a trajectory through time.

Critical point, Hessian, and Morse theory — A critical point is where the first derivative vanishes. The Hessian records
second derivatives and can classify nondegenerate critical points. Morse theory relates those critical points to changes
in global topology under regularity assumptions.

Connection, parallel transport, and curvature — A connection specifies how to compare directions at different points.
Parallel transport moves a direction according to that rule; curvature measures the failure to return unchanged
around small loops or the deviation from flat geometry.

Stability, linearization, and bifurcation — Linearization approximates nonlinear dynamics near a state using its
derivative. Stability describes responses to perturbations. A bifurcation is a qualitative change in long-term behavior
as a parameter passes a critical value.

Poincaré section and return map — A Poincaré section is a lower-dimensional slice transverse to a flow. The return map
sends one crossing to the next, replacing continuous dynamics with a discrete system while retaining key recurrence
information.

Functional, variation, and minimal surface — A functional assigns a number to an entire function, curve, or surface. A
variation is a small change of that object. A minimal surface is stationary for area under allowed variations, subject to
boundary and regularity conditions.

Why this matters in this guide. These ideas help interpret state-space trajectories, regime changes, recurrence, local
sensitivity, and constrained optimization. Their use requires a justified smooth state space, adequate sampling, and
attention to singularities or discrete jumps that invalidate differential models.

6. Measure theory, functional analysis, Fourier methods, and generalized limits

Measure theory defines size and integration beyond elementary intervals. Functional analysis treats functions as
points in possibly infinite-dimensional spaces and studies the operators acting on them. These foundations make
convergence, spectral decomposition, and continuous signals precise when pointwise calculations are too
restrictive.

Sigma-algebra and measure — A sigma-algebra is a collection of measurable sets closed under complements and
countable unions. A measure assigns nonnegative size consistently to those sets. The measurable sets and measure
are part of the model, not automatic properties of raw data.

Measurable function and integral — A measurable function respects the chosen sigma-algebras so that inverse images
of measurable sets remain measurable. The Lebesgue integral accumulates values by measured level sets and handles
limits more flexibly than elementary area-based integration.

Almost everywhere — A property holds almost everywhere when the set where it fails has measure zero. This does not
mean it fails nowhere, and a measure-zero exception may still matter operationally if it contains a rare critical event.

Normed, Banach, and Hilbert space — A normed space has a magnitude function. A Banach space is complete, so every
Cauchy sequence converges within it. A Hilbert space is a complete inner-product space, adding angles, orthogonality,
and projection.

Linear operator and spectrum — A linear operator maps one vector or function space linearly to another. Its spectrum
generalizes eigenvalues and identifies values for which the operator fails to have a well-behaved inverse.

Pointwise, uniform, and weak convergence — Pointwise convergence checks each input separately. Uniform
convergence controls the worst discrepancy over the whole domain. Weak convergence tests objects indirectly
through suitable measurements; each notion preserves different properties.

Distribution and weak derivative — A distribution is a generalized function defined by how it acts on smooth test
functions. Weak derivatives shift differentiation onto those test functions, allowing jumps or singular signals to be
analyzed when ordinary derivatives do not exist.
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Fourier transform and spectral leakage — The Fourier transform decomposes a signal into frequencies. Finite
observation windows multiply the signal by a window and can spread energy across neighboring frequencies, an effect
called spectral leakage.

Why this matters in this guide. These concepts support continuous signals, Fourier analysis, residues, distributions,
and operator-based models. They require us to state which convergence or norm is intended and whether rare
measure-zero behavior is safe to ignore in an operational system.

7. Algebraic geometry, moduli, sheaf-local algebra, and p-adic ideas

Algebraic geometry studies solution spaces of polynomial constraints using algebra, topology, and sheaves. Moduli
theory studies spaces whose points represent entire mathematical objects. Valuations and p-adic methods
introduce a non-Euclidean notion of closeness that can represent hierarchy or divisibility rather than ordinary
magnitude.

Ideal and affine variety — An ideal is a set of polynomial combinations closed under addition and multiplication by
arbitrary ring elements. An affine variety is a solution set of polynomial equations over a chosen field; ideals encode
which polynomials vanish there.

Scheme — A scheme enriches a geometric space with local commutative rings, retaining multiplicity and infinitesimal
information that a plain set of solutions can lose. It generalizes varieties and supports gluing local algebraic pieces.

Structure sheaf and local ring — The structure sheaf assigns suitable functions to each open region of a geometric space.
Its stalk at a point is a local ring describing functions near that point, distinguishing local algebraic behavior from one
evaluated value.

Projective space — Projective space treats nonzero coordinate vectors that differ by a common scale as the same point.
It adds points at infinity and gives a natural setting for homogeneous polynomial equations.

Moduli space and stack — A moduli space parameterizes isomorphism classes of objects. When objects have
symmetries, an ordinary space may forget essential automorphism data; a stack retains that symmetry information in
a richer moduli construction.

Valuation, p-adic number, and ultrametric — A valuation measures arithmetic size according to divisibility. A p-adic
metric makes numbers close when their difference is divisible by a high power of a chosen prime. Its ultrametric
triangle law makes every triangle isosceles in a strong sense and produces nested balls.

Motive and motivic integration — A motive is a proposed universal algebraic package underlying multiple cohomology
theories. Motivic integration assigns refined geometric values to families of spaces or arcs. Both require substantial
formal machinery and should not be reduced to decorative metaphors.

Dessin d’enfant — A dessin d’enfant is a bipartite graph embedded on an oriented surface that encodes a special
branched covering of the sphere. Its value lies in the exact correspondence among combinatorics, complex geometry,
and arithmetic—not in any arbitrary colored graph.

Why this matters in this guide. These theories can organize constrained configuration families, local function data,
symmetry-aware parameter spaces, and hierarchical distance. Their diagnostic use is formal only when the necessary
polynomial, sheaf, valuation, or moduli structure has actually been constructed.

8. Logic, model theory, ordinals, order, and fixed-point semantics

Mathematical logic studies formal languages and their interpretations. Order theory studies structured
comparison, including how information or approximations grow. Together they support program semantics, staged
computation, and reasoning about conclusions that emerge as the least solution of a recursive specification.
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Signature, structure, theory, and model — A signature lists the symbols available in a formal language. A structure
interprets those symbols on a domain. A theory is a set of sentences, and a model is a structure in which all those
sentences are true.

Soundness and completeness — Soundness says that formally provable statements are true in every model.
Completeness, for a specified logic, says that every statement true in every model is formally provable. These are
properties of a proof system and semantics, not of telemetry completeness.

Compactness — A logic has compactness when a set of sentences has a model whenever every finite subset has a model.
This can produce nonintuitive infinite models and should not be confused with topological compactness, despite the
shared name.

Ordinal and transfinite induction — An ordinal represents the order type of a well-ordered set. Transfinite induction
extends ordinary induction through successor and limit stages, allowing definitions or proofs that continue beyond all
finite steps.

Complete lattice and monotone map — A complete lattice has a meet and join for every subset, including infinite ones.
A monotone map preserves order: more input information never produces less output information according to the
chosen order.

Least fixed point — A fixed point is unchanged by a map; a least fixed point lies below every other fixed point. Fixed-
point theorems can construct recursive meanings by iterating from the least-information element under suitable
completeness and continuity conditions.

Galois connection — A Galois connection is a pair of order-preserving maps linking two partially ordered sets so that one
comparison is equivalent to a reversed comparison through the pair. It formalizes optimal abstraction and
concretization.

Domain theory and abstract interpretation — Domain theory models partial information using ordered limits of
approximations. Abstract interpretation uses a sound relationship between concrete and abstract domains to
compute safe approximations of program behavior.

Why this matters in this guide. These foundations distinguish formal semantics from informal descriptions and
explain how recursive diagnostic rules can acquire least solutions. They also identify the proof obligations behind an
abstraction: its order, monotonicity, completeness, and sound link to concrete behavior.

9. Probability, information, inference, and set-valued uncertainty

Graduate uncertainty analysis asks not only for an estimate, but also for the probabilistic model, identifiability,
robustness, and information lost by summarization. It also separates randomness from vagueness and from
incomplete knowledge, since these are different problems requiring different mathematical formalisms.

Stochastic process and filtration — A stochastic process is a time- or space-indexed family of random variables. In
probability, a filtration is an increasing family of sigma-algebras representing information available over time; it is
related to, but distinct from, an algebraic filtration of subobjects.

Conditional expectation — Conditional expectation is the best integrable prediction of a random variable using a
specified body of information, in a precise projection sense. It generalizes conditioning on a single event or observed
value.

Likelihood, prior, and posterior — A likelihood scores parameter values by how well they explain observed data. A
Bayesian prior represents initial uncertainty; the posterior combines prior and likelihood through Bayes’ rule. These
guantities depend on the chosen model and sampling process.

Identifiability — A parameter is identifiable when distinct parameter values imply distinct observable distributions.
Without identifiability, even unlimited perfect data from the model cannot determine which parameter generated the
observations.
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Entropy and divergence — Entropy quantifies uncertainty within a probability distribution. A divergence compares
distributions and need not be symmetric or satisfy the triangle inequality; it therefore should not automatically be
called a distance.

Concentration and multiple testing — Concentration inequalities bound how far random quantities stray from typical
values. Multiple testing accounts for the increased chance of false findings when many hypotheses or metrics are
inspected at once.

Fuzzy set and membership function — A fuzzy set assigns each object a degree of membership between zero and one,
representing graded belonging. That degree is not automatically a probability; it may encode vagueness rather than
randomness.

Rough set and lower/upper approximation — A rough set begins with objects that available attributes cannot always
distinguish. The lower approximation contains objects certainly in the target class; the upper approximation contains
those possibly in it.

Why this matters in this guide. This material supports evidence fusion, uncertainty-aware alerts, distribution
comparison, and ambiguous classification. It prevents probability, fuzzy membership, similarity, and rough-set
possibility from being treated as interchangeable numbers merely because all can lie between zero and one.

10. Mathematical physics and disciplined use of advanced analogies

Some concepts in the catalog originate in mathematical physics. They can inspire useful computational or
structural models, but their technical meaning includes specific spaces, measures, operators, boundary conditions,
or symmetry assumptions. A responsible transfer states which parts are literal mathematics and which parts are
analogy.

Action and stationary point — An action is a functional that assigns a number to an entire path or field configuration. A
stationary path makes the first variation of that action vanish. Stationary does not necessarily mean globally minimal.

Path integral — A path integral formally aggregates contributions from a space of possible paths, usually weighted by an
action. Making it mathematically rigorous depends strongly on the setting; it is not simply an ordinary finite sum over
observed traces.

Partition function — A partition function normalizes weighted configurations and generates statistical summaries
through derivatives. Its meaning depends on a defined configuration space, energy or action, temperature-like
parameter, and measure.

Integrable system and conserved quantity — An integrable system has enough compatible conserved quantities to
permit unusually exact analysis. The word “integrable” here means structurally solvable, not merely that an ordinary
integral can be computed.

Bethe ansatz — The Bethe ansatz is a method for constructing eigenstates of certain integrable many-body models by
imposing algebraic consistency conditions on interacting wave-like components. Its diagnostic use requires an actual
operator and compatible factorization structure.

Analogy, model, and theorem transfer — An analogy highlights a resemblance; a model defines a mathematical
representation; a theorem transfer additionally proves that the theorem’s hypotheses hold for that representation.
These are three different levels of claim.

Why this matters in this guide. This section preserves the creative value of physics-inspired reasoning while setting a
clear evidential boundary. A path, energy, state, interaction, or conserved quantity must be defined operationally
before formal conclusions from the source theory are imported.

A practical reading checklist

Apply this checklist whenever an explanation moves from an intuitive picture to a formal claim.
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1. Specify the ambient category, algebra, topology, order, smooth structure, or measure space before invoking its
theorems.

. Define the admissible maps and the notion of equivalence; say which invariants those maps preserve.

. Separate existence, uniqueness, computability, and stability—none automatically implies the others.

2
3
4. Name the exact convergence, continuity, measurability, compactness, or regularity condition being used.
5. Check local-to-global steps: identify the cover, overlap compatibility, gluing law, or obstruction.

6. Distinguish a finite approximation from an infinite construction and state the limiting argument that connects them.
7

. Test degenerate and singular cases, including empty data, noninvertible maps, missing intersections, and
nonidentifiable models.

o]

. Classify the claim as analogy, explicit mathematical model, or theorem-backed result, and communicate that level to
the reader.

How much mastery is needed?

We do not need equal depth in all ten fields. For a given concept, mastery means being able to follow its
formal objects and maps, locate the relevant hypotheses, and distinguish an analogy from a theorem-backed
transfer. A reader implementing new methods should then consult a specialist text for the corresponding
field; this appendix is an integrated orientation, not a substitute for a graduate course sequence.
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Appendix D. Mathematical concepts and diagnostic-pattern lineage

This appendix separates historical inspiration from mathematical authority. The 2023 Fifth Edition contains 52 catalog lines; its combined
‘Whiskering, 2-categories’ line becomes two entries here, yielding 53 direct descendants. The February 2024 Theoretical Software Diagnostics
list contains 77 of the present 85 entries. The later online catalog supplies all 85. Dimension is retained from 2023 but absent from the 2024
list; Bethe ansatz, Feynman path integral, Isomorphism, Karnaugh map, Model theory, Polynomials, and Residue were added online after
February 2024.
Concepts added at the 2024 intermediate stage (25). Categories; Coalgebras, functors, 2-categories; Cones; Direct sums and products of sets; Dual
categories; Dynamical systems; Fibrations; Fixed points; Graphs; Injections, surjections, bijections; Lattices; Maps; Monoids; Open and closed sets;
Operads; Orbifolds; Order duality; Posets; Riemann surfaces, multivalued functions; Rough sets; Semigroups; Step functions; Structure sheaf; Surfaces;
Topology.

Direct construction. The diagnostic source recognizably performs the named operation, measure, or set construction.

Structural analogy. Several essential parts correspond, but the full axioms or universal property are not established.

Heuristic metaphor. The resemblance guides investigation or visualization without claiming an instance of the formal construction.

Naming or etymological inspiration only. The source borrows a name or wordplay and makes no substantial structural claim.

Conc

2-categories

t and onli
ept andonfine Fifth-edition pattern and page
reference
Combined ‘Whiskering, 2-
categories’ row: Whisker Trace,

2
Open p. 365; essay, pp. 380-381
Adjoints Adjoint Thread of Activity, p.
Open3 48; Adjoint Message, p. 43
Bethe ansatz Not a separate ?023 concept-
list row; added in the later
Open*

online catalog

Braid groups

Open>

Braids
Open®

Braid Group, p. 65

Braid of Activity, p. 66

Cartesian product

Cartesian Trace, p. 69

Open’
Not a separate 2023 concept-
Categories list row; supporting category
Open? language appears on pp. 380—
381
Causal sets Causal History, p. 73; Causall
Messages, p. 74; Causal Chains,
Open®

Coalgebras, functors,
2-categories

Openlo

p.71

Not a separate 2023 concept-
list row; added in the February
2024 list
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Relationship strength

Structural analogy

Naming or
etymological
inspiration only

Heuristic metaphor

Heuristic metaphor

Heuristic metaphor

Structural analogy

Structural analogy

Structural analogy

Structural analogy
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Editorial note

The essay proposes systems, messages, and
arrows-between-messages as 0-, 1-, and 2-level
data; typed compositions, identities, and
interchange still require verification.

The source borrows ‘adjoint’ for a change of
trace viewpoint; it supplies neither a natural
home-set bijection nor unit—counit laws.

Later online addition. The diagnostic pattern
borrows factorized-scattering intuition; no
operator, eigenproblem, or Bethe equations are
established.

CPU scheduling, permutations, and thread twists
evoke braid groups, but braid generators and
relations are not defined.

Crossing activity strands provide a visual
metaphor; isotopy classes and braid equivalence
are not part of the pattern.

Independent traces behave like product factors;
a literal categorical or set product needs explicit
projections and the relevant universal property.

Later separate entry. Objects and diagnostic
morphisms are proposed; identities, closure, and
composition laws must be checked.

Causal History and chains give a precedence-
graph candidate; a literal causal set also needs an
acyclic partial order and any claimed finiteness
conditions.

Later separate entry. State-transition and
translation structures are compositional only
after all objects, maps, and laws are typed.


https://www.dumpanalysis.org/traces-logs-as-2-categories
https://www.dumpanalysis.org/blog/index.php/2010/01/17/extending-multithreading-to-multibraiding-adjoint-threading/
https://www.dumpanalysis.org/blog/index.php/2026/06/23/trace-analysis-patterns-part-259/
https://www.dumpanalysis.org/blog/index.php/2017/02/07/trace-analysis-patterns-part-138/
https://www.dumpanalysis.org/blog/index.php/2007/10/25/threads-as-braided-strings-in-abstract-space-part-1/
https://www.dumpanalysis.org/blog/index.php/2019/07/16/trace-analysis-patterns-part-173/
https://www.dumpanalysis.org/blog/index.php/2010/01/08/memd-category-categories-for-the-working-software-defect-researcher-part-1/
https://www.dumpanalysis.org/blog/index.php/2020/07/15/trace-analysis-patterns-part-187/
https://www.dumpanalysis.org/categorical-foundations-diagnostics
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Concept and online

reference

Cones
Open!!

Continuous and
discontinuous
functions

Open??

Cover

Open!3

Critical points, Morse

theory
Open*

Curves

Open?s

Defect group of a
block

Openl6
Derivatives, partial

derivatives

Open??

Dessin d’enfant
Open?8

Dimension

Open??

Direct sums and
products of sets

Open?0

Divergence

Open?t

Dual categories

Open??

Duality
OpenZ

Dynamical systems
Open?*
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Fifth-edition pattern and page

Not a separate 2023 concept-
list row; added in the February
2024 list

Discontinuity, p. 115

Message Cover, p. 192

Critical Point, p. 93

Shared Point, p. 265

Defect Group, p. 105

Statement Density and Current,
p. 286; Trace Acceleration, p.
303; Message Change, p. 187,
Data Association, p. 94

Trace D’Enfant, p. 308

Trace Dimension, p. 309

Not a separate 2023 concept-
list row; added in the February
2024 list

Activity Divergence, p. 36

Not a separate 2023 concept-
list row; added in the February
2024 list

CoActivity, p. 80

Not a separate 2023 concept-
list row; added in the February
2024 list
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Relationship strength

Structural analogy

Heuristic metaphor

Structural analogy

Heuristic metaphor

Heuristic metaphor

Naming or

etymological
inspiration only

Heuristic metaphor

Structural analogy

Heuristic metaphor

Direct construction

Heuristic metaphor

Structural analogy

Heuristic metaphor

Structural analogy
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Editorial note

Later separate entry. Arrows may converge on an
apex, but categorical universality—or convex
closure in another reading—depends on the
chosen model.

A temporal gap resembles a jump discontinuity; a
domain, function, and topology are needed
before continuity is a formal claim.

One activity may cover another interval; a
topological cover additionally requires a defined
space and subsets whose union is that space.

Changes in trace ‘shape’ motivate the analogy;
Morse conclusions need a smooth function and
non-degenerate critical points.

A shared datum resembles an intersection of
curves; parametrizations, ambient geometry, and
transversality are not supplied.

The Fifth Edition explicitly says this is only a
name analogy; no finite group, block, or Brauer
map is claimed.

Rates, changes, and accelerations link four
source patterns, but they do not share one
verified differentiable model.

Two message types and their connections give
bipartite structure; an oriented-surface
embedding and dessin invariants remain
unverified.

Distributed infrastructure adds axes of variation;
a mathematical dimension requires a specified
vector, topological, or other dimension theory.

Later separate entry. The memory-dump
definition explicitly combines component sets
with product and tagged-sum constructions.

Activity-flow imbalance evokes divergence, but
no vector field, volume measure, or differential
operator is specified.

Later separate entry. Reversing diagnostic arrows
suggests an opposite category; functorial reversal
must preserve identities and composition.

Data and analysis activity are paired viewpoints;
an evaluation pairing or contravariant
equivalence is not established.

Later separate entry. State evolution is a
dynamical system once the state space, time
parameter, and update rule are explicit.


https://www.dumpanalysis.org/blog/index.php/2020/06/14/crash-dump-analysis-patterns-part-268/
https://www.dumpanalysis.org/blog/index.php/2009/08/04/trace-analysis-patterns-part-8/
https://www.dumpanalysis.org/blog/index.php/2014/05/07/trace-analysis-patterns-part-84/
https://www.dumpanalysis.org/blog/index.php/2019/03/26/trace-analysis-patterns-part-166/
https://www.dumpanalysis.org/blog/index.php/2014/04/21/trace-analysis-patterns-part-80/
https://www.dumpanalysis.org/blog/index.php/2020/07/09/trace-analysis-patterns-part-183/
https://www.dumpanalysis.org/blog/index.php/2010/03/08/trace-analysis-patterns-part-18/
https://www.dumpanalysis.org/blog/index.php/2020/07/18/trace-analysis-patterns-part-190/
https://www.dumpanalysis.org/blog/index.php/2015/11/10/trace-analysis-patterns-part-118/
https://www.dumpanalysis.org/blog/index.php/2007/10/24/memory-dump-a-mathematical-definition/
https://www.dumpanalysis.org/blog/index.php/2014/05/25/trace-analysis-patterns-part-87/
https://www.dumpanalysis.org/codiagnostics
https://www.dumpanalysis.org/blog/index.php/2023/02/08/trace-analysis-patterns-part-221/
https://www.dumpanalysis.org/blog/index.php/2007/11/07/what-is-memory-dump-analysis/
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Concept and online
reference

Edge contraction

Open?

Equivalence relation

Open?6

Feynman path
integral

Open?”

Fiber bundles
Open?8

Fibrations

Open?®

Fixed points
Open3o

Flag, filtration
Open3!

Foliation

Open3?

Fourier series

Open33

Functor

Open34

Fuzzy sets

Open3

Galois connections

Open3s

Graphs
Open?’

Hasse diagrams

Open?

DumpAnalysis.org

Fifth-edition pattern and page

Collapsed Message, p. 81

Equivalent Messages, p. 121

Not a separate 2023 concept-
list row; added in the later
online catalog

Fiber Bundle, p. 136

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

Flag, p. 140

Trace Foliation, p. 316

Fourier Activity, p. 142

Trace Field, p. 314

Case Messages, p. 70

Galois Trace, p. 144

Not a separate 2023 concept-
list row; added in the February
2024 list

Causal History, p. 73
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Relationship strength

Structural analogy

Direct construction

Heuristic metaphor

Structural analogy

Structural analogy

Heuristic metaphor

Structural analogy

Structural analogy

Structural analogy

Structural analogy

Direct construction

Heuristic metaphor

Direct construction

Structural analogy
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Editorial note

Collapsing messages resembles graph
contraction, although content preservation and
the induced quotient map require separate
definitions.

Equivalent Messages explicitly uses a reflexive,
symmetric, transitive relation to form classes and
simplify traces.

Later online addition. Aggregating alternative
traces is path-integral-like only after a path
space, action, weights, and measure are defined.

Stack traces or /O stacks are attached to base-
trace messages like fibers; local triviality and
transition maps are not shown.

Later separate entry. Context-dependent fibers
motivate the model; the relevant path- or
morphism-lifting property must be verified.

Later separate entry. Counterfactual stabilization
resembles a fixed point but needs an explicit self-
map and a semantics for convergence or order.

Nested message sets or activity regions form a
filtration-like chain; calling them subspaces
needs additional algebraic or topological
structure.

Splitting a trace into same-structure layers
resembles leaves; no smooth atlas or integrable
distribution is supplied.

Message frequencies and timing changes support
frequency analysis, but the source pattern does
not by itself construct a full Fourier expansion.

Trace Field is described as a map and, more
generally, a functor; category typing and functor
laws must be checked. Shared source with Scalar
field is verified intentional (F5).

Case Messages assigns graded relevance and
explicitly contrasts it with crisp Message Set
membership.

Opposite-direction searches in two traces
suggest paired maps; monotone adjunction and
the defining order equivalence are not proved.

Later separate entry. Software Diagnostic Space
explicitly defines entities and diagnostic relations
as vertices and edges.

Causal History uses an inverted Hasse-style
display; it is a Hasse diagram only if the causal
relation is a partial order and only cover relations
are drawn.


https://www.dumpanalysis.org/blog/index.php/2022/11/09/trace-analysis-patterns-part-214/
https://www.dumpanalysis.org/blog/index.php/2019/07/14/trace-analysis-patterns-part-172/
https://www.dumpanalysis.org/blog/index.php/2024/04/20/trace-analysis-patterns-part-245/
https://www.dumpanalysis.org/blog/index.php/2012/09/26/trace-analysis-patterns-part-52/
https://www.dumpanalysis.org/blog/index.php/2017/03/22/crash-dump-analysis-patterns-part-249/
https://www.dumpanalysis.org/blog/index.php/2009/09/11/counterfactual-debugging-dereference-fixpoints/
https://www.dumpanalysis.org/blog/index.php/2020/08/23/trace-analysis-patterns-part-197/
https://www.dumpanalysis.org/blog/index.php/2020/07/31/trace-analysis-patterns-part-196/
https://www.dumpanalysis.org/blog/index.php/2016/06/27/trace-analysis-patterns-part-125/
https://www.dumpanalysis.org/blog/index.php/2017/08/06/trace-analysis-patterns-part-153/
https://www.dumpanalysis.org/blog/index.php/2023/02/25/trace-analysis-patterns-part-229/
https://www.dumpanalysis.org/blog/index.php/2017/04/18/trace-analysis-patterns-part-143/
https://www.dumpanalysis.org/software-diagnostic-space
https://www.dumpanalysis.org/blog/index.php/2020/07/15/trace-analysis-patterns-part-187/
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Concept and online
reference

Homotopy
Open3®
Injections,
surjections, bijections
Open?
Intervals

Open*0

Isomorphism

Open*!

Jaccard index

Open*?

Karnaugh map

Open*?

Lattices
Open**

Manifolds
Open*

Maps
Open*t

Minimal surface

Open*’

Model theory
Open*®

Moduli space

Open*?

Monoids
Open?

Motives
Open®0

DumpAnalysis.org

Fifth-edition pattern and page

Trace Homotopy, p. 320; Trace
Path, p. 329

Not a separate 2023 concept-
list row; added in the February
2024 list

Data Interval, p. 96

Not a separate 2023 concept-
list row; added in the later
online catalog

Trace Similarity, p. 337

Not a separate 2023 concept-
list row; added in the later
online catalog

Not a separate 2023 concept-
list row; added in the February
2024 list

Printed as ‘Manifolds, gluing’:
Glued Activity, p. 146

Not a separate 2023 concept-
list row; added in the February
2024 list

Minimal Trace, p. 206

Not a separate 2023 concept-
list row; added in the later
online catalog

Moduli Trace, p. 211

Not a separate 2023 concept-
list row; discussed in the 2-
category essay, p. 380

Motif, p. 214

REFERENCE GUIDE

Relationship strength

Heuristic metaphor

Heuristic metaphor

Direct construction

Structural analogy

Direct construction

Structural analogy

Structural analogy

Heuristic metaphor

Structural analogy

Naming or
etymological
inspiration only

Structural analogy

Heuristic metaphor

Structural analogy

Naming or
etymological
inspiration only

Page 198

Editorial note

Varying trace paths with fixed endpoints evokes
homotopy; a topology and continuous two-
parameter deformation are still needed.

Later separate entry. ‘Metaphorical bijectionism’
uses mapping properties as an inquiry device, not
necessarily as verified functions.

Data Interval explicitly selects open or closed
endpoint-bounded portions of an ordered trace.

Later online addition. Structural correspondence
can be isomorphic only after the objects, maps,
inverse, and preserved structure are specified.

Trace Similarity explicitly calculates Jaccard
similarity between sets of Activity Regions.

Later online addition. Grouping adjacent cases
resembles Boolean minimization; Boolean
variables, adjacency, and don’t-care semantics
must be explicit.

Later separate entry. Cubic memory layouts
provide grid order; meet, join, and closure are
not automatic.

PID reuse ‘glues’ activity segments, but manifold
charts, local Euclidean structure, and separation
conditions are absent.

Later separate entry. Generalized software
narratives act like mappings only after their
domains, codomains, and composition semantics
are defined.

Minimal Trace means default configuration with
no interaction; the source explicitly presents the
minimal-surface relation as metaphorical.

Later online addition. Diagnostic structures and
statements mirror models and theories only after
a language and satisfaction relation are fixed.

Logs generated from varying statement
parameters suggest a parameter space; a moduli
problem also needs an equivalence relation and
representability data.

Later separate entry, discussed in the adjacent
essay. Trace concatenation is a monoid only
when closure, associativity, and an empty-trace
unit hold exactly.

Motif borrows its name from motives for
recurring architectural patterns; it is not a motive
or universal cohomological object.


https://www.dumpanalysis.org/blog/index.php/2018/01/18/trace-analysis-patterns-part-156/
https://www.dumpanalysis.org/blog/index.php/2009/09/07/metaphorical-bijectionism-a-method-of-inquiry/
https://www.dumpanalysis.org/blog/index.php/2016/01/16/trace-analysis-patterns-part-120/
https://www.dumpanalysis.org/blog/index.php/2026/06/27/trace-analysis-patterns-part-260/
https://www.dumpanalysis.org/blog/index.php/2019/07/30/trace-analysis-patterns-part-177/
https://www.dumpanalysis.org/blog/index.php/2026/06/28/trace-analysis-patterns-part-261/
https://www.dumpanalysis.org/blog/index.php/2009/11/11/cubic-memory-representation/
https://www.dumpanalysis.org/blog/index.php/2009/12/01/dictionary-of-debugging-manifold-memory-space/
https://www.dumpanalysis.org/blog/index.php/2013/03/25/generalized-software-narrative-and-trace/
https://www.dumpanalysis.org/blog/index.php/2019/04/07/trace-analysis-patterns-part-168/
https://www.dumpanalysis.org/blog/index.php/2024/06/24/trace-analysis-patterns-part-247/
https://www.dumpanalysis.org/blog/index.php/2019/07/27/trace-analysis-patterns-part-176/
https://www.dumpanalysis.org/traces-logs-as-2-categories
https://www.dumpanalysis.org/blog/index.php/2013/07/19/trace-analysis-patterns-part-74/
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Concept and online
reference

Motivic integration
Open3?

Nerve complex

Open3?

Open and closed sets

Open33

Operads
Open*

Orbifolds
Open®3

Order duality
Open>¢

Ordinals

Opens7?

Phase

Opens8
Piecewise linear
functions

Open®?

Poincaré map,
Poincaré section

Openbo

Polynomials
Open®!

Posets
Open’?

Powerset

Open’3

Presheaves
Open®

DumpAnalysis.org

Fifth-edition pattern and page

Motivic Trace, p. 215

Trace Nerve, p. 326

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

Cord of Activity, p. 84

Event Sequence Phase, p. 127

Piecewise Activity, p. 238

Printed as ‘Poincaré map and
section’: Poincaré Trace, p. 244

Not a separate 2023 concept-
list row; added in the later
online catalog

Not a separate 2023 concept-
list row; added in the February
2024 list

Error Powerset, p. 124

Trace Presheaf, p. 330

REFERENCE GUIDE

Relationship strength

Heuristic metaphor

Naming or
etymological
inspiration only

Structural analogy

Structural analogy

Heuristic metaphor

Structural analogy

Naming or
etymological
inspiration only

Heuristic metaphor

Structural analogy

Heuristic metaphor

Structural analogy

Direct construction

Direct construction

Structural analogy
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Editorial note

Reducing a trace stream to a smaller trace
evokes integration; no motivic measure or
change-of-variables theorem is supplied.

Trace Nerve is one thread through all selected
regions, not the simplicial complex of their finite
intersections.

Later separate entry. Memory subsets become
open or closed only after a topology and its
axioms are specified.

Later separate entry. Typed diagnostic
operations and substitution mirror an operad;
units, associativity, and any symmetry action
need verification.

Later separate entry. Quotient-like memory
states with symmetry evoke orbifolds; local
finite-group actions and compatibility charts may
be absent.

Later separate entry. Reversing a relation gives a
dual poset only when the original relation is a
genuine partial order.

Cord of Activity is wordplay—the source notes
that ‘cord’ contains ‘ord’; no transfinite order is
claimed.

Repeated use-case ‘waves’ are separated by
timing phase; a literal phase needs a periodic
reference or oscillator model.

Message index and identifier plots can exhibit
segmentwise affine regimes whose breakpoints
and slopes are measurable.

Poincaré Trace forms a cross-section at a chosen
coordinate; it does not define a transversal first-
return map by itself.

Later online addition. Polynomial diagnostic
models require explicit variables, degree,
domain, fitting rule, and error analysis.

Later separate entry. Event dependencies form a
poset once reflexivity, antisymmetry, and
transitivity are verified.

Error Powerset explicitly constructs all subsets of
a set of error codes or exceptions for combined
search and reasoning.

Trace-to-memory assignments resemble a
presheaf; restriction maps and contravariant
functoriality are not defined in the source
pattern.


https://www.dumpanalysis.org/blog/index.php/2018/09/08/trace-analysis-patterns-part-159/
https://www.dumpanalysis.org/blog/index.php/2023/02/18/trace-analysis-patterns-part-225/
https://www.dumpanalysis.org/blog/index.php/2010/10/01/structural-memory-patterns-part-4/
https://www.dumpanalysis.org/diagnostic-operads
https://www.dumpanalysis.org/blog/index.php/2011/02/16/dictionary-of-debugging-orbifold-memory-space/
https://www.dumpanalysis.org/analysis-pattern-duality
https://www.dumpanalysis.org/blog/index.php/2020/09/13/trace-analysis-patterns-part-199/
https://www.dumpanalysis.org/blog/index.php/2014/11/09/trace-analysis-patterns-part-93/
https://www.dumpanalysis.org/blog/index.php/2013/12/22/trace-analysis-patterns-part-76/
https://www.dumpanalysis.org/blog/index.php/2016/11/23/trace-analysis-patterns-part-136/
https://www.dumpanalysis.org/blog/index.php/2025/08/04/trace-analysis-patterns-part-252/
https://www.dumpanalysis.org/blog/index.php/2015/06/28/crash-dump-analysis-patterns-part-228/
https://www.dumpanalysis.org/blog/index.php/2015/10/22/trace-analysis-patterns-part-117/
https://www.dumpanalysis.org/blog/index.php/2017/03/24/trace-analysis-patterns-part-141/
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Concept and online

reference

Projective spaces
Open®s

Quotient groups
Open®®

Quotient space

Open®?

Residue

Opens8

Retraction
Open®?

Riemann surfaces,

multivalued functions

Open’®

Rough sets
Open”t

Scalar field

Open34

Semigroups

Open?

Sheaves
Open??

Significant digits
Open’3

Simplicial complex

Open’4

Step functions

Open’s

Structure sheaf
Open’s

Surfaces
Open??

DumpAnalysis.org

Fifth-edition pattern and page

Projective Space, p. 247

Factor Group, p. 132

Quotient Trace, p. 250

Not a separate 2023 concept-
list row; added in the later
online catalog

Trace Retract, p. 332

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

Trace Field, p. 314

Not a separate 2023 concept-
list row; discussed in the 2-
category essay, p. 380

Sheaf of Activities, p. 266

Significant Interval, p. 271

Message Complex, p. 189

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

Not a separate 2023 concept-
list row; added in the February
2024 list

REFERENCE GUIDE

Relationship strength

Heuristic metaphor

Heuristic metaphor

Structural analogy

Heuristic metaphor

Structural analogy

Heuristic metaphor

Direct construction

Structural analogy

Structural analogy

Structural analogy

Heuristic metaphor

Structural analogy

Structural analogy

Structural analogy

Structural analogy
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Editorial note

Projecting one message space into another
borrows projection language; projective space as
lines modulo scale is not established.

The source explicitly says its ‘group’ is not a
mathematical group, so factor-group language
remains heuristic.

Collapsing equivalent message sequences mirrors
a quotient; a literal quotient topology needs a
defined topology and quotient map.

Later online addition. Leftover diagnostic
evidence suggests a residue, not necessarily a
Laurent coefficient or contour invariant.

Trace simplification fixes selected messages like a
retraction; continuity and idempotence need
explicit definitions.

Later separate entry. Branching execution
resembles sheets of a multivalued function;
complex analytic continuation is not supplied.

Later separate entry. Lower and upper
approximations from indistinguishability classes
directly implement the rough-set construction.

Trace Field maps messages to continuous or
discrete values. Shared source with Functor is
verified intentional (F5); smoothness is an
additional claim.

Later separate entry, discussed in the adjacent
essay. Trace concatenation is a semigroup only
when it is closed and associative.

Normal/problem local evidence motivates local-
to-global comparison; restriction and gluing
axioms are not established by the pattern alone.

Significant Interval concerns collecting enough
temporal evidence; its link to significant digits is
an analogy about warranted resolution.

Message Complex connects messages and fills
triangles; closure under every face must be
enforced for a literal simplicial complex.

Later separate entry. Piecewise-constant
telemetry is a step-function model once intervals
and values are defined.

Later separate entry. Local rings or data attached
to regions resemble a structure sheaf; ringed-
space axioms remain to be checked.

Later separate entry. Diagnostic sheets are
surface-like only after a two-dimensional
manifold or embedding structure is specified.


https://www.dumpanalysis.org/blog/index.php/2016/11/15/trace-analysis-patterns-part-134/
https://www.dumpanalysis.org/blog/index.php/2014/02/12/trace-analysis-patterns-part-78/
https://www.dumpanalysis.org/blog/index.php/2016/09/30/trace-analysis-patterns-part-133/
https://www.dumpanalysis.org/blog/index.php/2008/04/29/crash-dump-analysis-patterns-part-60/
https://www.dumpanalysis.org/blog/index.php/2023/02/19/trace-analysis-patterns-part-227/
https://www.dumpanalysis.org/blog/index.php/2009/02/23/riemann-programming-language/
https://www.dumpanalysis.org/blog/index.php/2014/10/07/crash-dump-analysis-patterns-part-213/
https://www.dumpanalysis.org/blog/index.php/2017/08/06/trace-analysis-patterns-part-153/
https://www.dumpanalysis.org/traces-logs-as-2-categories
https://www.dumpanalysis.org/blog/index.php/2013/02/15/trace-analysis-patterns-part-64/
https://www.dumpanalysis.org/blog/index.php/2018/09/22/trace-analysis-patterns-part-160/
https://www.dumpanalysis.org/blog/index.php/2023/02/05/trace-analysis-patterns-part-218/
https://www.dumpanalysis.org/blog/index.php/2013/01/04/crash-dump-analysis-patterns-part-192/
https://www.dumpanalysis.org/blog/index.php/2021/03/03/crash-dump-analysis-patterns-part-275/
https://www.dumpanalysis.org/blog/index.php/2015/09/13/crash-dump-analysis-patterns-part-229/
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Concept and online
reference

Tensors

Open’8

Topology
Open?®

Ultrametric spaces, p-
adic numbers

Open®o

Variadic functions
Opens!

Whiskering
Open?

Fifth-edition pattern and page

Tensor Trace, p. 292

Not a separate 2023 concept-
list row; added in the February

2024 list

Ultrasimilar Messages, p. 354

Hedges, p. 151

Combined ‘Whiskering, 2-
categories’ row: Whisker Trace,
p. 365; essay, pp. 380-381

REFERENCE GUIDE

Relationship strength

Structural analogy

Structural analogy

Heuristic metaphor

Structural analogy

Heuristic metaphor

Editorial note

Tensor Trace organizes repeated traces with
multiple indices; tensorial change-of-basis laws
need additional structure.

Later separate entry. A topology on logs exists
only after open sets and the union/intersection
axioms are supplied.

One-byte differences motivate an ultrametric or
p-adic view; the strong triangle inequality or
valuation must be proved.

Variable-length event sequences behave like
variadic inputs; a function family still needs an
explicit domain and codomain.

Whisker Trace duplicates messages to align
traces; categorical whiskering instead composes
a 2-cell with adjacent 1-cells.

Editorial conventions. The pattern-and-page column remains the verified Fifth Edition lineage record. The
Fourth Edition theoretical collection is cross-referenced separately in Appendix E so index-only mentions are
not mistaken for substantive treatments. F5 remains verified intentional: Functor and Scalar field share Trace

Field.

Historical source: Dmitry Vostokov, Trace, Log, Text, Narrative, Data: An Analysis Pattern Reference for Information Mining, Diagnostics, Anomaly
Detection, 5th ed., rev. 5.04 (OpenTask, 2023), ISBN 978-1-912636-58-7; especially pp. 377-383.
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https://www.dumpanalysis.org/blog/index.php/2017/04/29/trace-analysis-patterns-part-146/
https://www.dumpanalysis.org/topological-log-analysis
https://www.dumpanalysis.org/blog/index.php/2017/07/20/trace-analysis-patterns-part-151/
https://www.dumpanalysis.org/blog/index.php/2017/08/02/trace-analysis-patterns-part-152/
https://www.dumpanalysis.org/traces-logs-as-2-categories
https://leanpub.com/anomalydetection
https://leanpub.com/anomalydetection
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Appendix E. Theoretical-software-diagnostics connections

In this appendix, we refer to sustained treatments in Theoretical Software Diagnostics rather than repeating every index-only mention. The
source supplies diagnostic motivation and proposed models; the definitions, equations, and validity boundaries in this guide remain the
mathematical authority for the present exposition. Page numbers are printed pages and match the PDF pages.

Related theoretical source. Dmitry Vostokov, Theoretical Software Diagnostics: Collected Articles®?, 4th ed., rev. 4.00 (OpenTask, February
2024), ISBN 978-1-912636-91-4; concept inventory, pp. 282—-284.

Concept or cluster Printed pages What the source contributes Editorial use

Direct sums and products of
sets

Memory dumps are represented by simultaneous component states and

39-40; 188 by disjoint memory areas sampled over time.

Concrete construction

41-43; 98- | Execution strands and filtered trace views motivate braiding and

BLalds Bialeoupe 101 multibraiding.

Heuristic geometric model

Geometrical debugging maps environment states into spaces of

Maps 60-61 observables.

Structural model

Injections, surjections, 33-85 Metaphorical bijectionism transfers ideas between diagnostic and Explicit metaphor

bijections mathematical domains.
Memory evidence is proposed as a partially ordered software execution . .
Posets 86-87 ¥ prop P ) v e Candidate construction
trace when only some temporal comparisons are justified.
. Memory snapshots or states become objects, while transitions, pointers,
Categories; Functor 88-90; 109 ¥ p . ) P Structural model
tools, or tool transformations supply arrows and functors.
Fiber bundles 93 I?rocess dumps are attached to a kernel-level memory space in a bundle- Structural analogy
like arrangement.
Lattices 94-95 Bits a‘nd bytes are visualized in cubic grids; meet and join are not B
supplied.
h i I/physical istri | i
Manifolds; Orbifolds 96-97: 132 Shared virtual/physical memory and distributed cloud memory motivate Heuristic geometric model

manifold- and orbifold-like spaces.
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Appendix E continued

REFERENCE GUIDE

Concept or cluster Printed pages What the source contributes Editorial use
Adioints 98-101; 371- | An adjoint thread is a non-thread trace restriction, such as a module, Naming-only relative to
) 376 source-file, function, or process view. adjunctions
Topology and related A topological analysis program connects quotient traces, covers, bundles,
P gy. 257 polog Y315 prog q Umbrella proposal

constructions sheaves, and open or closed memory regions.
Problem narratives and software artifacts are organized as a multigraph

Graphs 258-262 . . ! . g grap Concrete structural model
with vertices, edges, loops, and possibly disconnected components.

Coalgebras, functors, 2- 271-272 Artifact-to-indicator behavior, analysis-pattern functors, natural Structural model needing law

categories transformations, and generalization arrows form a categorical proposal. checks

. Artifact transformations are described as dual to diagnostic processes, . .

Dual categories 275-276 . . . & P Heuristic categorical model
especially when reversible or partly reversible.
Multi-input elementary diagnostic operations are composed b . .

Operads 279-281 . p . y dlag K p P ¥ Candidate operadic model
substitution into larger analysis workflows.

. Debugging is developed as a contravariant assignment from execution-

Presheaves; Categories; Functor 319-330 . Eeing P . g Extended structural model
time contexts to sets of artifacts or messages.

2-categories; Monoids; Traces are viewed first as one-object algebraic categories and then as 2- .

. 8 . L 361-362 . . ) . g . 8 . Explicitly proposed metaphor

Semigroups; Whiskering categories supporting two compositions and whiskering.
Dynamical systems, Riemann surfaces and multivalued functions, and

Short contextual references 37;62; 89 fixed points appear as brief modeling cues rather than developed Context only
constructions.

Do not use this source as mathematical authority for: Bethe ansatz, Feynman path integral, Isomorphism, Karnaugh map, Model theory, Polynomials,
or Residue, which were added to the online catalog after the February 2024 list; Dimension is absent from the 2024 list; and the passing use of
‘isomorphism’ on p. 86 is explicitly corrected there to ‘more correctly, general morphism.’

Citation convention. Retain the verified Fifth Edition pattern pages in Appendix D. Use this appendix for the 2024 collection’s theoretical framing, and
cite primary mathematical texts when invoking definitions or theorems.
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Endnotes

These notes give the full addresses of the DumpAnalysis.org pages linked in the text and appendices. Superscript
numbers beside the links refer to the notes below. Repeated links to the same address use the same number.

1. Source catalog
https://www.dumpanalysis.org/mathematical-concepts-software-diagnostics-data-analysis

2. 2-categories; Monoids; Semigroups; Whiskering
https://www.dumpanalysis.org/traces-logs-as-2-categories

3. Adjoints

https://www.dumpanalysis.org/blog/index.php/2010/01/17/extending-multithreading-to-multibraiding-adjoint-
threading/

4. Bethe ansatz
https://www.dumpanalysis.org/blog/index.php/2026/06/23/trace-analysis-patterns-part-259/
5. Braid groups
https://www.dumpanalysis.org/blog/index.php/2017/02/07 /trace-analysis-patterns-part-138/
6. Braids
https://www.dumpanalysis.org/blog/index.php/2007/10/25/threads-as-braided-strings-in-abstract-space-part-1/
7. Cartesian product
https://www.dumpanalysis.org/blog/index.php/2019/07/16/trace-analysis-patterns-part-173/

8. Categories
https://www.dumpanalysis.org/blog/index.php/2010/01/08/memd-category-categories-for-the-working-software-
defect-researcher-part-1/

9. Causal sets; Hasse diagrams
https://www.dumpanalysis.org/blog/index.php/2020/07/15/trace-analysis-patterns-part-187/

10. Coalgebras, functors, 2-categories
https://www.dumpanalysis.org/categorical-foundations-diagnostics

11. Cones
https://www.dumpanalysis.org/blog/index.php/2020/06/14/crash-dump-analysis-patterns-part-268/

12. Continuous and discontinuous functions
https://www.dumpanalysis.org/blog/index.php/2009/08/04/trace-analysis-patterns-part-8/

13. Cover
https://www.dumpanalysis.org/blog/index.php/2014/05/07/trace-analysis-patterns-part-84/

14. Critical points, Morse theory
https://www.dumpanalysis.org/blog/index.php/2019/03/26/trace-analysis-patterns-part-166/

15. Curves
https://www.dumpanalysis.org/blog/index.php/2014/04/21/trace-analysis-patterns-part-80/

16. Defect group of a block
https://www.dumpanalysis.org/blog/index.php/2020/07/09/trace-analysis-patterns-part-183/

17. Derivatives, partial derivatives
https://www.dumpanalysis.org/blog/index.php/2010/03/08/trace-analysis-patterns-part-18/

18. Dessin d’enfant
https://www.dumpanalysis.org/blog/index.php/2020/07/18/trace-analysis-patterns-part-190/
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https://www.dumpanalysis.org/mathematical-concepts-software-diagnostics-data-analysis
https://www.dumpanalysis.org/traces-logs-as-2-categories
https://www.dumpanalysis.org/blog/index.php/2010/01/17/extending-multithreading-to-multibraiding-adjoint-threading/
https://www.dumpanalysis.org/blog/index.php/2010/01/17/extending-multithreading-to-multibraiding-adjoint-threading/
https://www.dumpanalysis.org/blog/index.php/2026/06/23/trace-analysis-patterns-part-259/
https://www.dumpanalysis.org/blog/index.php/2017/02/07/trace-analysis-patterns-part-138/
https://www.dumpanalysis.org/blog/index.php/2007/10/25/threads-as-braided-strings-in-abstract-space-part-1/
https://www.dumpanalysis.org/blog/index.php/2019/07/16/trace-analysis-patterns-part-173/
https://www.dumpanalysis.org/blog/index.php/2010/01/08/memd-category-categories-for-the-working-software-defect-researcher-part-1/
https://www.dumpanalysis.org/blog/index.php/2010/01/08/memd-category-categories-for-the-working-software-defect-researcher-part-1/
https://www.dumpanalysis.org/blog/index.php/2020/07/15/trace-analysis-patterns-part-187/
https://www.dumpanalysis.org/categorical-foundations-diagnostics
https://www.dumpanalysis.org/blog/index.php/2020/06/14/crash-dump-analysis-patterns-part-268/
https://www.dumpanalysis.org/blog/index.php/2009/08/04/trace-analysis-patterns-part-8/
https://www.dumpanalysis.org/blog/index.php/2014/05/07/trace-analysis-patterns-part-84/
https://www.dumpanalysis.org/blog/index.php/2019/03/26/trace-analysis-patterns-part-166/
https://www.dumpanalysis.org/blog/index.php/2014/04/21/trace-analysis-patterns-part-80/
https://www.dumpanalysis.org/blog/index.php/2020/07/09/trace-analysis-patterns-part-183/
https://www.dumpanalysis.org/blog/index.php/2010/03/08/trace-analysis-patterns-part-18/
https://www.dumpanalysis.org/blog/index.php/2020/07/18/trace-analysis-patterns-part-190/
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19. Dimension
https://www.dumpanalysis.org/blog/index.php/2015/11/10/trace-analysis-patterns-part-118/

20. Direct sums and products of sets
https://www.dumpanalysis.org/blog/index.php/2007/10/24/memory-dump-a-mathematical-definition/

21. Divergence
https://www.dumpanalysis.org/blog/index.php/2014/05/25/trace-analysis-patterns-part-87/

22. Dual categories
https://www.dumpanalysis.org/codiagnostics

23. Duality
https://www.dumpanalysis.org/blog/index.php/2023/02/08/trace-analysis-patterns-part-221/

24. Dynamical systems
https://www.dumpanalysis.org/blog/index.php/2007/11/07 /what-is-memory-dump-analysis/
25. Edge contraction
https://www.dumpanalysis.org/blog/index.php/2022/11/09/trace-analysis-patterns-part-214/
26. Equivalence relation
https://www.dumpanalysis.org/blog/index.php/2019/07/14/trace-analysis-patterns-part-172/
27. Feynman path integral
https://www.dumpanalysis.org/blog/index.php/2024/04/20/trace-analysis-patterns-part-245/
28. Fiber bundles
https://www.dumpanalysis.org/blog/index.php/2012/09/26/trace-analysis-patterns-part-52/

29. Fibrations
https://www.dumpanalysis.org/blog/index.php/2017/03/22/crash-dump-analysis-patterns-part-249/

30. Fixed points
https://www.dumpanalysis.org/blog/index.php/2009/09/11/counterfactual-debugging-dereference-fixpoints/

31. Flag, filtration
https://www.dumpanalysis.org/blog/index.php/2020/08/23/trace-analysis-patterns-part-197/

32. Foliation
https://www.dumpanalysis.org/blog/index.php/2020/07/31/trace-analysis-patterns-part-196/

33. Fourier series
https://www.dumpanalysis.org/blog/index.php/2016/06/27/trace-analysis-patterns-part-125/

34. Functor; Scalar field
https://www.dumpanalysis.org/blog/index.php/2017/08/06/trace-analysis-patterns-part-153/

35. Fuzzy sets
https://www.dumpanalysis.org/blog/index.php/2023/02/25/trace-analysis-patterns-part-229/

36. Galois connections
https://www.dumpanalysis.org/blog/index.php/2017/04/18/trace-analysis-patterns-part-143/

37. Graphs
https://www.dumpanalysis.org/software-diagnostic-space

38. Homotopy
https://www.dumpanalysis.org/blog/index.php/2018/01/18/trace-analysis-patterns-part-156/

39. Injections, surjections, bijections
https://www.dumpanalysis.org/blog/index.php/2009/09/07/metaphorical-bijectionism-a-method-of-inquiry/

40. Intervals
https://www.dumpanalysis.org/blog/index.php/2016/01/16/trace-analysis-patterns-part-120/
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https://www.dumpanalysis.org/blog/index.php/2015/11/10/trace-analysis-patterns-part-118/
https://www.dumpanalysis.org/blog/index.php/2007/10/24/memory-dump-a-mathematical-definition/
https://www.dumpanalysis.org/blog/index.php/2014/05/25/trace-analysis-patterns-part-87/
https://www.dumpanalysis.org/codiagnostics
https://www.dumpanalysis.org/blog/index.php/2023/02/08/trace-analysis-patterns-part-221/
https://www.dumpanalysis.org/blog/index.php/2007/11/07/what-is-memory-dump-analysis/
https://www.dumpanalysis.org/blog/index.php/2022/11/09/trace-analysis-patterns-part-214/
https://www.dumpanalysis.org/blog/index.php/2019/07/14/trace-analysis-patterns-part-172/
https://www.dumpanalysis.org/blog/index.php/2024/04/20/trace-analysis-patterns-part-245/
https://www.dumpanalysis.org/blog/index.php/2012/09/26/trace-analysis-patterns-part-52/
https://www.dumpanalysis.org/blog/index.php/2017/03/22/crash-dump-analysis-patterns-part-249/
https://www.dumpanalysis.org/blog/index.php/2009/09/11/counterfactual-debugging-dereference-fixpoints/
https://www.dumpanalysis.org/blog/index.php/2020/08/23/trace-analysis-patterns-part-197/
https://www.dumpanalysis.org/blog/index.php/2020/07/31/trace-analysis-patterns-part-196/
https://www.dumpanalysis.org/blog/index.php/2016/06/27/trace-analysis-patterns-part-125/
https://www.dumpanalysis.org/blog/index.php/2017/08/06/trace-analysis-patterns-part-153/
https://www.dumpanalysis.org/blog/index.php/2023/02/25/trace-analysis-patterns-part-229/
https://www.dumpanalysis.org/blog/index.php/2017/04/18/trace-analysis-patterns-part-143/
https://www.dumpanalysis.org/software-diagnostic-space
https://www.dumpanalysis.org/blog/index.php/2018/01/18/trace-analysis-patterns-part-156/
https://www.dumpanalysis.org/blog/index.php/2009/09/07/metaphorical-bijectionism-a-method-of-inquiry/
https://www.dumpanalysis.org/blog/index.php/2016/01/16/trace-analysis-patterns-part-120/
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41. Isomorphism
https://www.dumpanalysis.org/blog/index.php/2026/06/27 /trace-analysis-patterns-part-260/

42. Jaccard index
https://www.dumpanalysis.org/blog/index.php/2019/07/30/trace-analysis-patterns-part-177/

43. Karnaugh map
https://www.dumpanalysis.org/blog/index.php/2026/06/28/trace-analysis-patterns-part-261/

44, Lattices
https://www.dumpanalysis.org/blog/index.php/2009/11/11/cubic-memory-representation/

45. Manifolds
https://www.dumpanalysis.org/blog/index.php/2009/12/01/dictionary-of-debugging-manifold-memory-space/

46. Maps
https://www.dumpanalysis.org/blog/index.php/2013/03/25/generalized-software-narrative-and-trace/

47. Minimal surface
https://www.dumpanalysis.org/blog/index.php/2019/04/07 /trace-analysis-patterns-part-168/

48. Model theory
https://www.dumpanalysis.org/blog/index.php/2024/06/24/trace-analysis-patterns-part-247/

49. Moduli space
https://www.dumpanalysis.org/blog/index.php/2019/07/27 /trace-analysis-patterns-part-176/
50. Motives
https://www.dumpanalysis.org/blog/index.php/2013/07/19/trace-analysis-patterns-part-74/

51. Motivic integration
https://www.dumpanalysis.org/blog/index.php/2018/09/08/trace-analysis-patterns-part-159/

52. Nerve complex
https://www.dumpanalysis.org/blog/index.php/2023/02/18/trace-analysis-patterns-part-225/

53. Open and closed sets
https://www.dumpanalysis.org/blog/index.php/2010/10/01/structural-memory-patterns-part-4/

54. Operads
https://www.dumpanalysis.org/diagnostic-operads

55. Orbifolds
https://www.dumpanalysis.org/blog/index.php/2011/02/16/dictionary-of-debugging-orbifold-memory-space/

56. Order duality
https://www.dumpanalysis.org/analysis-pattern-duality
57. Ordinals
https://www.dumpanalysis.org/blog/index.php/2020/09/13/trace-analysis-patterns-part-199/
58. Phase
https://www.dumpanalysis.org/blog/index.php/2014/11/09/trace-analysis-patterns-part-93/
59. Piecewise linear functions
https://www.dumpanalysis.org/blog/index.php/2013/12/22/trace-analysis-patterns-part-76/

60. Poincaré map, Poincaré section
https://www.dumpanalysis.org/blog/index.php/2016/11/23/trace-analysis-patterns-part-136/

61. Polynomials
https://www.dumpanalysis.org/blog/index.php/2025/08/04/trace-analysis-patterns-part-252/

62. Posets
https://www.dumpanalysis.org/blog/index.php/2015/06/28/crash-dump-analysis-patterns-part-228/
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

Powerset
https://www.dumpanalysis.org/blog/index.php/2015/10/22/trace-analysis-patterns-part-117/

Presheaves
https://www.dumpanalysis.org/blog/index.php/2017/03/24/trace-analysis-patterns-part-141/

Projective spaces
https://www.dumpanalysis.org/blog/index.php/2016/11/15/trace-analysis-patterns-part-134/

Quotient groups
https://www.dumpanalysis.org/blog/index.php/2014/02/12/trace-analysis-patterns-part-78/

Quotient space
https://www.dumpanalysis.org/blog/index.php/2016/09/30/trace-analysis-patterns-part-133/

Residue
https://www.dumpanalysis.org/blog/index.php/2008/04/29/crash-dump-analysis-patterns-part-60/

Retraction
https://www.dumpanalysis.org/blog/index.php/2023/02/19/trace-analysis-patterns-part-227/

Riemann surfaces, multivalued functions
https://www.dumpanalysis.org/blog/index.php/2009/02/23/riemann-programming-language/

Rough sets
https://www.dumpanalysis.org/blog/index.php/2014/10/07/crash-dump-analysis-patterns-part-213/

Sheaves
https://www.dumpanalysis.org/blog/index.php/2013/02/15/trace-analysis-patterns-part-64/
Significant digits
https://www.dumpanalysis.org/blog/index.php/2018/09/22/trace-analysis-patterns-part-160/
Simplicial complex
https://www.dumpanalysis.org/blog/index.php/2023/02/05/trace-analysis-patterns-part-218/

Step functions
https://www.dumpanalysis.org/blog/index.php/2013/01/04/crash-dump-analysis-patterns-part-192/

Structure sheaf
https://www.dumpanalysis.org/blog/index.php/2021/03/03/crash-dump-analysis-patterns-part-275/

Surfaces
https://www.dumpanalysis.org/blog/index.php/2015/09/13/crash-dump-analysis-patterns-part-229/

Tensors
https://www.dumpanalysis.org/blog/index.php/2017/04/29/trace-analysis-patterns-part-146/

Topology
https://www.dumpanalysis.org/topological-log-analysis

Ultrametric spaces, p-adic numbers
https://www.dumpanalysis.org/blog/index.php/2017/07/20/trace-analysis-patterns-part-151/

Variadic functions
https://www.dumpanalysis.org/blog/index.php/2017/08/02/trace-analysis-patterns-part-152/

Theoretical Software Diagnostics: Collected Articles
https://www.dumpanalysis.org/theoretical-software-diagnostics-book
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Bold page ranges identify the main two-page concept entries. Other references locate definitions, discussion, or source context.
All page numbers refer to this book.

Base spaces, 58

0-9 Basins of attraction, 50, 62
1-morphisms, 6 Basis, 40, 182
2-categories, 5-6, 21-22, 188, 195, 203 Bayes’ rule, 192
2-morphisms, 6 Belyi maps, 38
A Belyi’s theorem, 38

Bethe ansatz, 9-10, 193, 195
Absolute Galois group, 38 Bethe equations, 10
Abstract interpretation, 74, 192 Bicategories, 5, 6, 173
Action, 56, 193 Bifurcation, 190
Activity Divergence (pattern), 196 Bijections, 81-82, 181, 198, 202
Adjoint Message (pattern), 8, 195 Bilattices, 92
Adjoints, 7-8, 188, 195, 203 Binary decision diagrams, 132
Adjoint Thread of Activity (pattern), 8, 195 Biproducts, 42

Adjunctions. See Adjoints Bisimulation, 22

Affine functions, 124 Blocks, group algebra, 34

Affine varieties, 191 Boolean algebra, 184
Algebraic varieties, 106, 128

Algebras, 188
Algebras over an operad, 114

Boolean derivatives, 90
Boolean functions, 90
Boolean lattices, 132

Aliasing, 68 Border rank, 165
Almost everywhere, 190

Alpha-cut. See Alpha-cuts
Alpha-cuts, 72

Ambient dimension, 40
Amplitude, 56

Boundary maps, 158

Boundary regions, 148
Boundary, topological, 112
Bounded variation, 160

Braided monoidal categories, 14

Analogy, 193 Braid Group (pattern), 195
Analytic continuation, 146 Braid groups, 11-12, 195, 202
Antichains, 20, 78, 130 Braid of Activity (pattern), 195
Apex, 24 Braid relations, 12

Arc spaces, 108 Braids, 1314, 195, 202

Area functional, 98

Branched coverings, 146

Arity, 172 Brauer map, 34
Associated graded objects, 64, 188 Brouwer fixed-point theorem, 61, 62
Associativity, 104, 152, 182
Associators, 174 C
Atlases, 94 Cadlag paths, 26, 160
Automorphisms, 102 Canonical forms, 86
Axioms, 181 Cartesian lifts, 60

Cartesian product, 15-16, 42, 195
B Cartesian Trace (pattern), 195
Backward error, 156 Case Messages (pattern), 72, 197
Banach fixed-point theorem, 61, 62 Categories, 17-18, 187, 195, 202, 203
Banach spaces, 190 Causal Chains (pattern), 20, 195
Barycentric coordinates, 124 Causal History (pattern), 20, 78, 195, 197

Based maps, 80
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Causal intervals, 20 Constants, 180

Causal Messages (pattern), 20, 195 Continuity, 25-26, 183, 196

Causal sets, 19-20, 195 Continuous and discontinuous functions, 25-26, 196
Cech complexes, 109 Contours, 142

Cell attachment, 30 Contraction. See Contraction, graph; Contraction, metric
Chain complexes, 158, 188 Contraction, graph, 51, 52

Chains, 78, 130 Contraction, metric, 61, 62

Charts, 94, 189 Contravariant, 70

Classification rationale, 3, 148 Contravariant equivalence, 48
Closed sets, 111-112, 184, 199 Contravariant functors, 46, 134
Closure, algebraic, 182 Convergence, 183. See also Pointwise convergence; Uniform
Closure operators, 74 convergence; Weak convergence
Closure, topological, 112 Converse, 181

CoActivity (pattern), 196 Coordinates, 182

Coalgebras, 21-22, 188, 195, 203 Coproducts, 42

Coarse moduli spaces, 102 Cord of Activity (pattern), 120, 199
Cocycle condition, 58 Correspondence, 106

Codomain, 181 Cosets, 138

Coequalizers, 140 Cotangent spaces, 189

Coherence, 6 Counit, 8

Cohomology, 189 Counterexamples, 181

Cohomology theories, 106 Counting, 183

Coinduction, 22 Covariance, 185

Colimits, 18, 188 Covariant, 70

Collapsed Message (pattern), 197 Covectors, 150, 166

Colored operads, 114 Cover, 27-28, 196

Combinations, 183 Cover relations, 78

Comonads, 8 CP decomposition, 166
Compactification, 136 Critical Point (pattern), 196
Compact metric spaces, 28 Critical points, 29-30, 190, 196
Compactness, logic, 192 Curvature, 32, 190

Compactness, topological, 184 Curves, 31-32, 184, 196
Compatible legs, 24 Cycle rank, 76

Complete lattices, 92, 192 Cycles, graph, 183

Complete metric spaces, 62
Completeness, logic, 192
Completion, 170
Composition, 96

D

Data Association (pattern), 36, 196
Data Interval (pattern), 84, 198
Defect group of a block, 33-34, 196
Concentration inequalities, 193 Defect Group (pattern), 196
Conditional expectation, 192 Definability, 100

Conditional probability, 185 Defining relations, 12

Conditioning, 156 Definitions, 181
Deformation retraction, 144

Concatenation, 14

Condition number, 156
Cones, 23-24, 196 Defuzzification, 72

Configuration space, 12 Degree. See Degree, graph; Degree, polynomial

Congruence, 54
Conjugacy, 34

Connectedness, 168, 184 Derivations, 94
Connections, 58, 190 Derivatives, 35-36, 183, 196

Dessin d’enfant, 37-38, 191, 196

Degree, graph, 76
Degree, polynomial, 128

Conserved quantities, 193
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Diagnostic lineage, 3

Diagrams, 24, 70

Differential, 150

Differential forms, 189

Dimension, 39-40, 182, 196

Dirac delta, 26

Directed acyclic graphs, 183

Directed homotopy, 80

Direct products, 41-42, 188, 196, 202

Direct proof, 181

Direct sums, 41-42, 188, 196, 202

Direct sums and products of sets, 41-42, 196, 202

Discontinuity, 25-26, 183, 196

Discontinuity (pattern), 196

Disjoint union of powers, 172

Distance, 184

Distribution. See Distributions, generalized functions;
Distributions, probability; Distributions, tangent
subspaces

Distributional derivatives, 160

Distributions, generalized functions, 26, 190

Distributions, probability, 185

Distributions, tangent subspaces, 66

Divergence, 43-44, 183, 196

Divergence, probability distributions, 193

Divergence theorem, 44

Domain, function, 181

Domain theory, 192

Don’t-care conditions, 90

Dual categories, 45-46, 196, 203

Dual cones, 24

Duality, 47-48, 196

Dual posets, 118

Dual spaces, 48

Dynamical systems, 49-50, 196, 203

E

Edge contraction, 51-52, 197
Edges, 76, 183

Eigenstates, 10

Eigenvalues, 182

Eigenvectors, 182

Elementary substructures, 100
Elements, 181

Endofunctors, 22

Endpoints, open and closed, 84
Entropy, 193

Epi—-mono factorization, 82
Equality, 187

Equations, 180

Equivalence, 187
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Equivalence classes, 54, 140
Equivalence of categories, 86
Equivalence relation, 53-54, 183, 197
Equivalent Messages (pattern), 54, 197
Error, 185

Error Powerset (pattern), 132, 199
Estimators, 185

Euclidean continuation, 56

Euler characteristic, 164

Evaluation maps, 48

Event Sequence Phase (pattern), 199
Events, probability, 184

Existence, 187

Expectation, 185

Expressions, 180

F

Faces, 158

Factor Group (pattern), 200

Feynman path integral, 55-56, 193, 197
Fiber Bundle (pattern), 58, 197

Fiber bundles, 57-58, 189, 197, 202

Fibered categories. See Grothendieck fibration

Fiber products, 16

Fibers, 58, 60, 189

Fibrations, 59-60, 189, 197
Fields, algebraic, 182

Filters, 118

Filtrations, 63—64, 168, 188, 197
Filtrations, probability, 192
Final coalgebra, 22

Fine moduli spaces, 102

Finite intersection pattern, 110
First isomorphism theorem, 138
First variation, 98

Fixed points, 50, 61-62, 183, 197, 203
Fixed-point sets, 116

Flag (pattern), 197

Flags, 63-64, 197

Flow, 50, 126, 190

Flux, 44

Foliation, 65-66, 197

Formal duals, 46

Formal languages, 100

Fourier Activity (pattern), 68, 197
Fourier coefficients, 68

Fourier series, 67-68, 183, 197
Fourier transform, 191

Fréchet derivatives, 36

Free monoids, 104

Frequency, 183
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Frobenius theorem, 66
Functionals, 190
Functions, 181

Functor, 8, 21-22, 69-70, 187, 195, 197, 202, 203

Fundamental group, 189
Fuzzy sets, 71-72, 193, 197

G

Galois connections, 73-74, 192, 197
Galois Trace (pattern), 74, 197
Gauss—Bonnet theorem, 164
Gaussian curvature, 164
Generators, braid groups, 12
Generators, semigroups, 152
Genus, 164

Geodesic curvature, 164
Geodesic equation, 32
Geodesics, 32

Geometric realization, 110
Global properties, 187

Glued Activity (pattern), 198
Gluing, 154

Good covers, 110

Gradient, 36, 150, 183
Granules, 148

Graph Laplacian, 76

Graph minors, 52

Graphs, 75-76, 183, 197, 203
Greatest fixed points, 118
Grobner basis, 128
Grothendieck fibration, 60
Grothendieck ring of varieties, 108
Group actions, 116, 188
Group algebras, 34

Group extensions, 138
Groups, 182

H

Half-open windows, 84
Handles, 30

Hasse diagrams, 77-78, 183, 197
Hausdorff measure, 40
Hausdorff spaces, 112

Hedges (pattern), 201

Hessian, 30, 36, 190

Hilbert spaces, 190
Holomorphic charts, 146
Holonomy, 58, 66
Hom-categories, 6
Homogeneous coordinates, 136
Homology, 158, 168, 188, 189
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Homomorphisms, 104, 138
Homotopy, 79-80, 184, 198
Homotopy equivalence, 80
Homotopy groups, 80
Homotopy lifting, 60
Homotopy preservation, 52
Homotopy quotient, 140
Homotopy types, 110, 189

Ideals, algebra, 128, 191
Ideals, order, 118
Idempotents, 152
Identifiability, 166, 192
Identification, 184

Identity elements, 104, 182
Identity morphisms, 18

If and only if, 181

Images, 82, 181

Implicants, 90

Implication, 181

Incidence algebra, 130
Inclusion, 144
Independence, 185
Indexed families, 181
Index variance, 166
Indicator functions, 160
Indiscernibility relations, 148
Induced maps, 144
Induction, 181

Injections, 81-82, 181, 198, 202
Inner products, 182
Integrable systems, 10, 193
Integrals, 183, 190
Interchange law, 6, 174
Interior operators, 74
Interior, topological, 112
Intersections, 88, 181
Interval modules, 84
Intervals, 83—-84, 182, 198
Intrinsic dimension, 40
Invariants, 48, 86, 187
Inverse morphisms, 86
Involution, 46

Isochrons, 122

Isolated singularities, 142
Isomorphism, 85-86, 187, 198
Isotopy, 14

Isotropy groups, 116
Iteration, 62
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J

Jaccard index, 87-88, 185, 198
Jacobian order, 108
Joins, 92, 118, 183

K

Karnaugh map, 89-90, 198

Kernel, homomorphism, 12, 138

Knaster—Tarski fixed-point theorem. See Knaster—Tarski
theorem

Knaster—Tarski theorem, 61, 62, 92

Knots, 124

L

Lattices, 91-92, 183, 198, 202
Laurent series, 142

Lax functor, 70

Least fixed points, 62, 118, 192
Leaves, 66

Lebesgue number, 28
Lefschetz class, 108
Lemmas, 181

Level sets, 150

Lie bracket, 66

Likelihood, 192

Limit cycles, 122

Limiting cones, 24

Limit ordinals, 120

Limit preservation, 70
Limits, analytic, 182

Limits, categorical, 18, 188
Linear extensions, 20, 130
Linearization, 190

Linear operators, 190
Linear transformations, 182
Links, simplicial, 52

Local finiteness, 20
Locality, 154

Localization, 162

Local properties, 187

Local rings, 191

Local trivializations, 58
Long exact sequence, 60
Lower approximations, 148, 193
Lower bounds, 118

M

Manifolds, 93-94, 184, 198, 202
Maps, 95-96, 181, 198, 202
Mathematical models, 193
Mathematical structures, 187
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Matrices, 182

Mean curvature, 98

Measurable functions, 190
Measure, 88, 190

Meets, 92, 118, 183
Membership functions, 72, 193
Meromorphic functions, 142
Message Change (pattern), 36, 196
Message Complex (pattern), 200
Message Cover (pattern), 196
Metric balls, 28

Metrics, 150, 184

Minimal surface, 97-98, 190, 198
Minimal-surface equation, 98
Minimal Trace (pattern), 98, 198
Minterms, 90

Mébius function, 78

Mobius inversion, 130

Models, 192

Model theory, 99-100, 198
Modules, 188

Moduli problems, 102

Moduli space, 101-102, 191, 198
Moduli Trace (pattern), 198
Monads, 8, 132

Monodromy, 14, 38, 146
Monoidal categories, 188
Monoids, 103-104, 182, 198, 203
Monotone maps, 74, 92, 192
Morphisms, 18, 187

Morse index, 30

Morse inequalities, 30

Morse theory, 29-30, 190, 196
Motif (pattern), 106, 198
Motives, 105-106, 191, 198
Motivic integration, 107-108, 191, 199
Motivic Trace (pattern), 199
Multicategories, 172
Multilinearity, 166

Multiple testing, 193

Multivalued functions, 145-146, 200, 203

N

n-ary operations, 114

Natural bijections, 8

Naturality, 187

Natural transformations, 134, 174, 187
Necessary conditions, 181
Neighborhoods, 182

Nerve. See Nerve complex

Nerve complex, 109-110, 189, 199
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Nerve theorem, 110, 189
Non-Archimedean geometry, 170
Noncommutativity, 104
Nondeterminism, 132

Normal subgroups, 138

Normed spaces, 190

Norms, 182

Nullary operations, 172

o)

Objects, 18

Observability, 50

One-dimensional subspaces, 136
One-parameter semigroups, 152
Open and closed sets, 111-112, 199
Open covers, 28

Open sets, 111-112, 168, 184, 199
Operads, 113-114, 188, 199, 203
Operations, 182

Opposite categories, 46. See also Dual categories
Orbifolds, 115-116, 199, 202
Orbits, 188

Order duality, 117-118, 199
Ordered pairs, 16

Order intervals, 84

Order types, 120

Ordinals, 119-120, 192, 199
Orthogonal expansion, 68

P

p-adic absolute value, 170

p-adic numbers, 169-170, 191, 201
Pairings, 48

Parallel transport, 190

Parametric curves, 32

Parseval identity, 68

Partial derivatives, 35-36, 183, 196
Partial orders, 20, 130, 183. See also Posets
Partition function, 193

Pasting diagrams, 174

Path integral. See Feynman path integral
Paths, graph, 183

Permutation invariance, 172
Permutations, 183

Persistence, 64, 168, 189

Persistence modules, 84

Phase, 121-122, 199

Phase angles, 122

Phase spaces, 122

Piecewise Activity (pattern), 199
Piecewise linear functions, 123-124, 199
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Planck constant, 56

Plateau problem, 98

Poincaré maps, 125-126, 199
Poincaré sections, 125-126, 190, 199
Poincaré Trace (pattern), 126, 199
Pointwise convergence, 190
Polyhedral complexes, 124
Polynomials, 127-128, 199
Populations, 185

Posets, 74, 129-130, 199, 202
Post-composition, 174

Posteriors, 192

Powerset, 131-132, 181, 199
Power spectrum, 68
Pre-composition, 174

Preimages, 96, 181

Presheaves, 46, 133-134, 189, 199, 203
Priors, 192

Probability, 184

Products, 181

Projections, 16

Projective Space (pattern), 200
Projective spaces, 135-136, 191, 200
Projective varieties, 136

Proof by contradiction, 181
Proper étale groupoid, 116
Propositions, 181

Provenance, 76

p-subgroups, 34

Pullback, 96

Pure braids, 12

Pushforward, 96

Q

Quantifiers, 181

Quotient charts, 116

Quotient groups, 137-138, 200
Quotient maps, 52, 140

Quotients, 188

Quotient space, 139-140, 184, 200
Quotient topology, 140

Quotient Trace (pattern), 200

R

Ramification, 38, 146
Random variables, 185
Rapidities, 10

Realization functors, 106
Reflexivity, 54

Regularity, 26

Related theoretical framing, 3
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Relations, 183

Relative error, 156

Relative phase, 122
Reparameterization, 32
Representable presheaves, 134
Representations, 188

Residue, 141-142, 200

Residue theorem, 142
Restriction maps, 134, 154, 189
Retraction, 143-144, 184, 200
Return maps, 126, 190

Return times, 126

Riemann existence theorem, 146
Riemann surfaces, 38, 145-146, 200, 203
Ringed spaces, 162

Rings, 182

Roots, polynomial, 128

Rough sets, 147-148, 193, 200
Rounding, 185

S

Samples, 185

Sample spaces, 184

Satisfaction, 100

Scalar action, 136

Scalar field, 149-150, 200

Scalars, 182

Scattering matrices, 10

Schemes, 191

Scissor relation, 108

Sections, 134, 154, 189

Semigroup actions, 152

Semigroups, 151-152, 182, 200, 203
Sensitivity, 36

Sequences, 181, 183

Series, 183

Sets, 181

Shared Point (pattern), 196

Sheaf of Activities (pattern), 154, 200
Sheaves, 153-154, 189, 200

Sheaves of rings, 162
Sigma-algebras, 190

Signatures, 100, 192

Significant digits, 155-156, 185, 200
Significant Interval (pattern), 156, 200
Similarity coefficients, 88

Simple functions, 160

Simplices, 110, 158, 184

Simplicial complex, 157-158, 184, 189, 200
Smooth manifolds, 189

Soundness, 192
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Spectral leakage, 191

Spectral radius, 126

Spectral sequences, 64
Spectrum, linear operator, 190
Spectrum, ring, 162

Split injections, 144

Split surjections, 144

Stability, 156, 183, 187, 190
Stabilizers, 116, 188

Stacks, 102, 191

Stalks, 154, 162, 189

Standard conjectures, 106
State, 50, 183

Statement Density and Current (pattern), 36, 196
Stationary phase, 56
Stationary points, 98, 193

Step functions, 159-160, 200
Stochastic maps, 96

Stochastic processes, 192
Strands, 14

Strata, 40

Strong triangle inequality, 170
Structure preservation, 86
Structure sheaf, 161-162, 191, 200
Structures, logical, 100, 192
Sublevel sets, 30

Subobijects, 16, 188

Subsets, 132, 181

Substitution composition, 114
Successor ordinals, 120
Sufficient conditions, 181
Sums, 181

Support, 42

Surfaces, 163-164, 184, 200
Surjections, 81-82, 181, 198, 202
Symmetric action, 114
Symmetry, relations, 54

T

Tangents, 32

Tangent spaces, 94, 189

Tensor networks, 165

Tensor products, 188

Tensor rank, 166

Tensors, 165-166, 188, 201
Tensor Trace (pattern), 166, 201
Theorems, 181

Theorem transfer, 193
Theories, 192

t-norm, 72

Topology, 112, 167-168, 184, 201, 203
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Total space, 58

Total-variation penalty, 124
Trace Acceleration (pattern), 36, 196
Trace D’Enfant (pattern), 196
Trace Dimension (pattern), 196
Trace Field (pattern), 197, 200
Trace Foliation (pattern), 197
Trace Homotopy (pattern), 198
Trace Nerve (pattern), 110, 199
Trace Path (pattern), 198

Trace Presheaf (pattern), 199
Trace Retract (pattern), 200
Trace Similarity (pattern), 88, 198
Trajectories, 183

Transfinite induction, 192
Transfinite recursion, 120
Transition functions, 58
Transition maps, 94

Transitive reduction, 78
Transitivity, 54

Transversal sections, 126

Trees, 183

Triangle identities, 8

Truth values, 181

Tucker decomposition, 166
Two-categories. See 2-categories
Type-2 fuzzy sets, 72

U

Ultrametric spaces, 169-170, 191, 201
Ultrasimilar Messages (pattern), 201
Uncertainty intervals, 185

Uniform convergence, 190

Unions, 88, 181

Uniqueness, 187

Unit, adjunction, 8

Unitors, 174

Universal properties, 16, 18, 187
Upper approximations, 148, 193
Upper bounds, 118

\"

Validity boundaries, 3
Valuations, 170, 191

Variables, 180

Variadic functions, 171-172, 201
Variance, 185

Variations, 190

Vector fields, 44, 190

Vectors, 166, 182

Vector spaces, 182
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Vertices, 76, 183
Volume forms, 44

w

Weak convergence, 190

Weak derivatives, 36, 190

Weak divergence, 44

Weighted Jaccard index, 88
Well-orders, 120

Whiskering, 173-174, 188, 201, 203
Whisker Trace (pattern), 174, 195, 201

Y

Yang—Baxter equation, 10
Yoneda lemma, 134
Yoneda’s lemma. See Yoneda lemma

Z

Zeros, polynomial, 128
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