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Preface

This free to download and distribute Part 0 was added to Visual Category Theory
Brick by Brick series to explain mathematical notation and other foundational
aspects used in brick construction annotations. Some readers expressed concern
that the notation used is unfamiliar to them, and I realized that not everyone
is continuously reading books on mathematical Tlogic and set theory or studied
proper foundations of mathematical analysis where they encountered Tlogical
quantifiers. Readers who already bought the Vvisual Category Theory bundle from
other sources other than directly from me can download this part if necessary.
The cover subtitle alludes to an initial object in category theory introduced 1in
Part 2.

The choice of object notation for sets 1in this part matches the notation in
subsequent parts.

The short Handbook of Logic and Proof Techniques for Computer Science by Steven
G. Krantz is recommended for further studying or filling the gaps. In addition
to topics from the book title, it covers many others, including elementary and
axiomatic set theories, recursive functions, Tlambda calculus, groups, Boolean
algebra, and complexity theory. It also has a short chapter on category theory.

Information about further parts, including sample pages and index, can be found
on the Software Diagnostics Institute page:

https://www.dumpanalysis.org/visual-category-theory
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contents of Parts 0 - 7

Universe and sets, set-builder notation, set membership, set <inclusion,
subsets as members, membership vs. subset, powerset, relations, functions,
domain, codomain, range, injection, surjection, bijection, product, union,
intersection, set difference, symmetric set difference, sets of functions,
function composition, inverse functions.

The definition of categories and arrows, the composition and associativity
of arrows, retracts, equivalence, covariant and contravariant functors,
natural transformations, and 2-categories.

buality, products, coproducts, biproducts, initial and terminal objects,
pointed categories, matrix representation of morphisms, and monoids.

Adjoint functors, diagram shapes and categories, cones and cocones, Timits
and colimits, pullbacks and pushouts.

Non-concrete categories, group objects, monoid, group, opposite, arrow,
slice, and coslice categories, forgetful functors, monomorphisms,
epimorphisms, and isomorphisms.

Exponentials, evaluation in sets and categories, subobjects, equalizers,
equivalence classes and quotients, coequalizers, congruence categories,
morphism functors, and presheaves.

Vertical and whisker compositions of natural transformations, identity and
isomorphism of functors, equivalence, isomorphism, and adjoint equivalence
of categories, functor and morphism categories, natural transformations as
functors, representable functors, category of presheaves, Yoneda embedding
and lemma.

Exponentials, disjoint unions, endofunctors and natural transformations,
partial and total functions, monads.



Objects (elements) of a set § (collection of objects)
are chosen from some Universe U: S ={X,Y,Z, P}
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{X|X is blue}
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Set-builder notation (|): 4




{X|X is green}
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Another example: C
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(Proper) subset inclusion (c,2): AcB and Bo A but BZ A
All (v) elements of A are elements of B: vX€A X€EB
There are some (3) elements of B are not elements of A: 3YeEB, Y¢ A




Not a proper subset inclusion (£,2): ACB and A2B
because A=B
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Sets can be members of sets: DeB

Set as a member is not a subset here: D & Bbecause 3Y €D, Y¢B
D = {x,Y}

B={ZX,D}={Z X {X,Y}

L1

(!
w) I { l 0l ) W
G I/ a
g X /] i)
)

11



Another example of elements and sets as members:
X€eA and X€B and X¢C and X€D

Y¢A and YEB and Y& C and Y¢&D

Z¢A and Z¢B and Z€C and Z¢D

We¢A and We&B and WeC€ and W ¢D

BeA and CeA and De A

B={X,Y} and C={Z, W} and D = {X}
A={X,B,C,D}={X,{X,Y},{Z W}, {X}}
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Sets can be nested:
X¢A and X¢B and XeC
BeA and CEB but C¢A
C=1{X}

B = {C} = {{x}}

A={X B} ={X{C}} = {X,{{X}}
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| {B} = {{x}}
" BeA but BZ A because X ¢ A
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A relation between two sets is a collection of ordered
pairs from each set:

A~gB = {(Xr P), (X, T), (Y, R), (Y, Q)}

Each source member may map to several target members,
for example, X to P and T

16



A compact way to show individual relation mappings
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A functional relation (partial function) between two
sets is a collection of ordered pairs from each set
where for each source member, there is at most one
target member:

A ~fB = {(X' T)r (Y! Q)}

The most frequent functional relation notation:
f:A->B

W @ @ @,ﬂ

z ®
ﬂ ( \ng,‘

|
1 (L!;l/ (tbl/ (IM/ @ @;

g
3

i
h ’M Qa(/ Qo @ w 0{
@

|

) 1] |
) j
)

2

)

>

D

)

18



Another example of a functional relation f:A—-B
A={X,Y} is the domain of the function f

B ={P,Q,R,T} is the codomain of the function f
{P,T} is the range of the function f
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A compact way to show individual functional mappings
for the function f:4 - B using brick arrows
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A function f:A—- B 1is injective (one-to-one, injection)
if distinct elements from the domain A are mapped to
distinct elements from the codomain B:

it X#Z then f(X) = f(2)
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This function f:4-> B is not injective because
there are elements from the domain A that are
mapped to the same element from the codomain B:
X#Z but f(X) =f(2)
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A function f:A- B is surjective (onto, surjection)

if every (v) element from the codomain B is mapped
| to by at Teast one (3) element from the domain A:

Velemg € B,3elemy € A, f(elemy) = elemg

The function depicted here is surjective but not

injective
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A function f:A—- B is bijective (one-to-one and
onto, invertible, bijection) if every (V) element
from the codomain B is mapped to by exactly one
(@) element from the domain A:

' Velempg € B,3lelemy € A, f(elemy) = elemp
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A product of two sets A and B is a set AxB of all
ordered pairs (elemy, elemg) where elemy € A and elemp € B
A={XY}

B ={P,Q}

Ax B ={(X,P),(X,Q),(Y,P),(Y,Q)}

(
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The order of the sets in a product is important:
BxA is different from AxB

A={X,V}

B ={P,Q}

BxA={(PX),(QX),PY)QVY)}
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The example of a product AxA:
A=1{x1!
AxXA={XX),Y,X),XY) YY)}




A union of sets A and B is a set AUB
with elements from A or B:

A={XY}

B={v,7}

AUB ={X,Y, 7}




An intersection of sets A4 and B is a set AnB
with elements that belong to both A4 and B:
A={XY}

B ={Y,Z}

ANnB ={Y}




A set difference of two sets 4 and B is a set A\B or
A—B with elements from A that do not belong to B:
A={XY}

B={V.7}

A\B = {X}
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A symmetric set difference of two sets A and B
is a set AAB with elements that belong to
either A or B but not to both:

A={XY}

B ={Y,Z}

AAB={X,7}
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Consider two functions f and g
with domain A4 and codomain B
but different ranges:

f=>b

f(¥Y)=8B

gly)=r

g(¥) =R
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These functions f and g belong to the set {f,g}
of functions A - B which is a subset of the set
of all functions from A to B:

f,.g € BA

{f,g} c BA
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A function composition o of functions g and f that
agree on domain/codomain (the domain of g is the
codomain of f) produces a new function h=gof with
the domain of f and the codomain of g:

f&X)=Y

g¥) =12

h(X) = g(f(X)) =2
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For invertible functions, we have the following
inverse function composition h™=f"1eog™':

X)) =Y and f5'(v) =X

gY)=2Z and g '(Z) =Y

h(X)=g(f(X)=Z and h"'(2) =g (@) =X
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